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Abstract
Acoustophoresis is used to manipulate the cells and particles in micro
channels using ultrasonic waves. Acoustic radiation force is the nonlinear
contact-free driving force generated by the ultrasound field and moves
particles to the desired locations. Theoretical studies of the radiation
force resulted in several formulae for the limit cases. However, there are
inconsistencies between the theoretical and experimental results reported
in the literature. Neglecting important factors, such as the number of
particles and the acoustic streaming due to viscosity, is one of the main
reasons for those inconsistencies. The acoustic streaming phenomenon is a
stationary vortical flow induced by acoustic waves in a viscous fluid.
In this thesis, the main focus is to include the viscosity and streaming
effects to the calculation of the radiation forces acting on multiple micro
spheres in a channel. For this purpose, a numerical algorithm was developed
for the case of ideal fluid based on the multipole series expansion which
includes spherical harmonics. It was further developed, for the case of
viscous fluid, by including the acoustic streaming solution, obtained from
the Stokeslet method, to the force calculation. The proposed numerical
algorithm is not restricted by the size and number of spheres. Compared to
the general-purpose numerical methods such as finite element or boundary
element, the proposed algorithms require lesser degrees of freedom, and
consequently, lesser computational efforts.
The numerical algorithm is verified by comparing it against the analytical
formulae derived for the a single sphere in the Rayleigh limit (ka << 1
iv
vwhere k is the acoustic wave number and defined as the ratio of angular
frequency over the speed of sound in the fluid medium and a is the
sphere radius). For multiple spheres in an ideal fluid, the radiation force
is mathematically decomposed into the primary force which pushed the
spheres to the pressure node and the secondary (interparticle) force which
shows the interaction between a pair of particles. It was found that
the interparticle radiation force drives the spheres to form an aggregate
along the pressure nodal line (perpendicular to the wave direction). The
secondary force causes either repulsion or attraction depending on the sizes
of the spheres and their positions with respect to the wave direction. It is
inversely proportional to the distance between the centers of the spheres;
hence, it becomes negligible when the spheres are far from each other.
By including the viscosity and acoustic streaming effects, the primary force
increases by 30% for a relatively large sphere, ka ≈ 0.5. The change in the
secondary force, however, is several of orders of magnitude larger, rather
than a slight change, irrespective of the sizes of the spheres. This is due
to the stronger streaming flows around the spheres which strengthen the
interaction between the them. It was also found that the secondary force
is directly proportional to the viscosity of the fluid.
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Manipulation of particles and cells plays a substantial role in a wide range of ap-
plications such as cancer research, biotechnology and biopharmaceutical industries,
controlling high prevalence of infectious diseases and technological advancements in
silicon wafer manufacturing. It is usually preformed for these two purposes, remov-
ing particles form a fluid and separating particles of different sizes and properties.
Generally, separating, sorting, trapping or levitating particles and cells in the size
range of a few millimeters to nanometers are considered as different forms of particle
manipulation. In this area, better accuracy and faster processing are highly demanded
especially in cell separation. For instance, high efficiency of cell separation can greatly
improve clinical diagnostic applications as well as cell-based research.
Among the existing techniques for particle/cell manipulation, recent advances in
the technology of Lab-on-chip and microfluidics have shown their great potentials
for improving the precision and speed of particle manipulation. So far, to achieve
the required performance and efficiency using these two technologies, several driving
forces such as dielectric, mechanical contact, hydrodynamic have been used for particle
manipulation. The driving force can also be generated by an acoustic field and moves
the particles to the desired positions. Manipulation of particles using a sound field,
called acoustophoresis, had been identified a few decades ago and have been studied
extensively in the past few years. Mostly for acoustophoretic applications, microfluidic
1
Chapter 1. Introduction 2
devices are run with monochromatic ultrasound waves to manipulate micron-sized
target particles.
Acoustophoresis can be preformed by means of bulk acoustic waves (BAW) [5–9]
and surface acoustic waves (SAW) [10–12]. In both cases, the driving force generated
from the difference in the material properties of the particles and the host fluid is
called acoustic radiation force. Since this force provides a contact-free way of handling
particles, it is a good candidate for living cells and bioparticles separation. This force is
also used in other technologies, such as removing debris from silicon chips in electronic
devices [13–15]. Having a good approximation of the radiation force can significantly
improve the design of the acoustic manipulators. Thus, accurate calculation of acoustic
radiation force has become a challenge for researchers in the last decade.
Several factors such as the size, shape, material properties of the particles, viscosity
and density of the host fluid and the boundaries of a micro channel affect the acoustic
radiation force. Among these factors, the density and compressibility of the particles
and surrounding fluid directly determine how the particles move in a sound field. The
size of the particles is the other important factor in determining the magnitude of
the radiation force. Particles with their sizes considerably smaller than the acoustic
wavelength are in the Rayleigh limit. For those particles, the radiation force is
cubically proportional to the ratio of the size over the wavelength [16–19]. Larger
spheres, however, do not follow this proportionality as their large size causes more
disturbance in the sound field. The other effective factor is the viscosity of the fluid as
it causes dissipation of acoustic energy. Since the acoustic radiation force is directly
proportional to the acoustic energy [16–19], the dissipated energy by viscosity becomes
important in calculation of the force.
In addition to the acoustic radiation force, particles in a viscous fluid experience
an acoustically-driven fluid flow called acoustic streaming in a sound field. This flow
is generated by the acoustic force acting on the bulk of fluid. Near any boundary in
the fluid domain such as the surface of particles, it is naturally a steady-state vortical
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motion of the fluid. This form of streaming can be separately used for enhancing
the convective heat transfer, cleaning of the surfaces using ultrasound waves, micro-
mixing locally in a fluid domain and many other applications. Acoustic streaming also
influences the acoustic radiation force, which eventually affects the efficiency of the
acoutophoresis. Therefore, the precision of manipulating the particles using acoustic
waves greatly depends on the radiation force field and the streaming flow developed in
the devices.
As mentioned earlier, theoretical studies on acoustic radiation force are mainly
focused on the particles with their size in the Rayleigh limit. The Rayleigh limit means
the characteristic length of the particle (which is the radius for spherical particles) is
much smaller than the wavelength of the incident wave. For example, micron-sized
particles are considered in the Rayleigh limit when they are manipulated by ultrasound














Figure 1.1: Different sizes of the spheres compared to the wavelength of 1000 µm for
frequency 1.5 MHz in water at standard pressure and temperature condition
Most of the previous studies were conducted on the size of the spheres in the
Rayleigh limit, ka << 1 [16–23]. In Figure 1.1, spheres with their size varied from 1
to 100 microns (0.006 < ka < 0.6) are shown to illustrate their relative size compared
to the wavelength being assumed to be 1000 microns (1 millimeter) for 1.5 MHz in
water at room temperature and atmosphere pressure. In cell-related acoustophoretic
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applications, the size of bio-particles and cells are a few microns and the wavelength
varies from a few hundred microns to one millimeter.
1.2 Objectives and Scope
Acoustic radiation force and streaming are nonlinear second-order sound effects which
exert second-order tractions on the surface of the particles. Integrating the tractions
over the surface of a particle gives the mean force acting upon that particle. A
part of the mean force is due to the momentum flux carried by the radiated waves
from the particles and called acoustic radiation force. Since no acoustic streaming
occurs in the case of ideal fluid, the mean force is equivalent to the radiation force
and obtained from the radiation pressure which is a function of the time-averaged
quadratic acoustic pressure and velocities (first-order variables) [16, 24,25]. Radiation
pressure is equivalent to the momentum flux carried away by the scattered wave from
the object in the fluid domain. For an ideal fluid, the acoustic radiation force has
been calculated analytically and several formulae were proposed for different types of
incident acoustic waves [16–19,22,26]. For a viscous fluid, calculating the radiation
force generally requires the solution of the acoustic streaming induced by the scattered
waves from particles. An analytical solution has been reported for acoustic streaming
around a single sphere [20, 21]. This solution generally requires evaluating some
semi-infinite integrals. However, by approximating the semi-infinite integrals for a
small sphere in the Rayleigh limit, a closed-form formula was derived for the radiation
force [20,21]. Nevertheless, for larger sizes, the approximation becomes inaccurate and
the integrals should be performed numerically. In addition, the analytical solution
cannot be extended to the case of multiple spherical particles. Therefore, we try to
develop a numerical scheme to replace the analytical solution and can be used for
multiple spheres in a viscous fluid. This numerical scheme should provide a generic
tool for simulating acoustic radiation force field for multiple spheres regardless of their
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size, positions and relative distances from each other.
Generally, the radiation force can be split into primary, transverse primary and
secondary forces. Primary radiation force is the most commonly known part of the
radiation force and it moves the particles towards the nearest pressure nodal or anti-
nodal plane, depending on the density and compressibility of the particles. This force
always acts along the direction of the incident wave. The transverse primary force
which is perpendicular to the incident wave is generated from nonuniform distribution
of the acoustic energy density in the fluid domain. This force is usually neglected by
assuming a uniform distribution of the energy density in the proximity of the pressure
node or anti node.
The secondary force, also known as interparticle force, determines either the
particles attract or repel each other, irrespective of their positions in the channel.
When the particles start aggregating in a sound field, the shape of the aggregate
mainly depends on the interparticle forces acting on them. Although the interparticle
force between two spheres can be approximated for some limiting cases, its theory
has not been as well-developed as the primary force even for the case of an ideal
fluid. Calculating the interparticle force acting on particles in a viscous fluid is a great
challenge as it requires the solution of aocustic streaming; hence, it is set as the main
objective of the thesis. On the other hand, calculation of the acoustical interaction
between particles would help to understand the mechanisms of particle agglomeration
and consequently enhance the precision of acoustophoresis.
Based on the objectives explained above, the research questions can be listed as
follow:
• Is it possible to calculate the acoustic radiation force using a general-purpose
numerical method such as finite element or boundary element methods?
• In the case of developing a new numerical scheme, which numerical techniques
are more appropriate for the calculation of the radiation force?
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• Is it possible to obtain the interaction between particles separately?
• How can the viscosity be included in the radiation force calculation?
• How can we solve the acoustic streaming numerically?
• What is the effect of viscosity and acoustic streaming on the interaction between
particles?
1.3 Original Contributions
A numerical scheme for calculating acoustic radiation force is proposed based on the
multipole series expansion and Stokeslet method. The method has been developed in
four steps. In the first step, the scattered wave from a single sphere in an ideal fluid is
solved using the multipole series expansion. The boundary conditions are imposed
using weighted residue technique in order to transform them to a set of algebraic
equations. The method is verified by comparing it against the existing analytical
solutions for a single sphere.
The second step is to include interaction between particles in the acoustic radiation
force. A formulation is derived to analytically separate the interparticle force from the
primary radiation force. The proposed numerical method is extended based on the
proposed formulation to solve the scattered waves from multiple spheres simultaneously,
and consequently obtain the primary and secondary radiation forces.
In the third step, the viscosity effect is added to the solution of the first-order
variables by introducing the vector potential. The numerical scheme is extended to
calculate the vector potential using the multipole series expansion. Then, the acoustic
streaming equation is solved for second-order variables using the Stokeslet method.
It is noted that the source terms in the acoustic streaming equation are computed
from the first-order pressure and velocity. The extended numerical method is verified
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for a single sphere in a viscous fluid by comparing it against the available analytical
solution.
In the final step, the primary radiation force is calculated from far-field approach
which is again based on the multipole series solution. Then, the total radiation force
is calculated using Multipole-Stokeslet method. The difference between the total and
primary radiation forces gives the interparticle force acting on the spheres in a viscous
fluid. The acoustical interaction between the rigid spheres including the viscosity of
the surrounding fluid is reported for the first time and gives more realistic insight
about the agglomeration of particles.
The numerical scheme is developed based on the eigen solutions of the Helmholtz,
Laplace and Stokes flow equations. Hence, it is considered as a semi-analytical method
and theoretically requires less computation compared to the general-purpose numerical
schemes such as finite element method. It is easy to implement and can be used
for parametric-study of the acoustic radiation force. The scheme can be even easily
extended further to solve for different types of incident waves, include different forms
of streaming and wall effects.
The results of the proposed numerical scheme and major findings of this study have
been reported in three peer-reviewed journal articles and presented in six conference
papers, listed at the end of this thesis. The idea of developing a semi-analytical scheme
for calculating acoustic radiation and inteparticle forces was originally suggested by
the candidate’s supervisors. Extending the original idea, mathematical derivations,
development of the numerical algorithms and their implementations were done by the
candidate under his supervisors’ guidance.
1.4 Thesis Organization
This thesis is organized in nine chapters, including the first introductory chapter. In
the second chapter, fundamental equations of the theory of acoustic radiation force for
Chapter 1. Introduction 8
both cases of ideal and viscous fluids will be presented. Acoustic streaming and its
relation with the acoustic radiation force will be briefly discussed. After reviewing
previous works on the calculation of acoustic radiation force, the chapter will be
concluded by highlighting the current state of the art and some of the technical
challenges.
In the third chapter, a general numerical scheme will be formulated based on
multipole series expansion and Stokeslet method for calculating the acoustic radiation
and interparticle forces acting on spheres. A numerical scheme will be developed in
four steps to be applicable for both cases of ideal and viscous fluid. For the case of
ideal fluid, individual calculation of the interparticle force will be rigorously shown.
Finally, it is explained how to use the multipole series solution and Stokeslet method
to solve the acoustic wave and streaming equations.
The forth chapter starts with the calculation of the acoustic radiation force acting
on a single sphere or spheroid in an ideal fluid using the finite element method. Then,
the same cases will be solved by using multipole series expansion. The numerical
implementation of the multipole series expansion will be the skeleton of the proposed
numerical scheme. It is discussed why the multipole series solution only applies to the
spheres. The results reported in this chapter have been presented in three conference
papers, [C2], [C5] and [C6] in the publication list.
The interparticle force is the main focus of the fifth chapter. The numerical scheme
is further developed to solve for the acoustical interaction between multiple spheres
in an ideal fluid. The results are presented for two and three spheres. The tracking
of the spheres are also briefly explained. This chapter is based on the journal paper
published by the Journal of the Acoustical Society of America (JASA), [J1] in the
publication list, and two conference papers, [C3] and [C4] in the publication list.
In chapter six, the effect of viscosity is added to the solution of the acoustic velocity
and pressure by further developing the numerical method to evaluate the vector
potential. Then, the numerical solution of the acoustic streaming will be explained by
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using the Stokeslet method. The performance of the proposed numerical scheme will
be investigated by comparing to the existing solutions. Some of the results presented
in this chapter have been reported in a manuscript, which has been accepted for
publication in Physical Review E, [J2] in the publication list, and also presented in
ICU 2015 conference, [C1] in the publication list.
Chapter seven includes the results of applying the proposed numerical scheme
to the case of multiple spheres in a viscous fluid. The results are presented for a
pair of spheres in an axisymmetric configuration. The effect of viscosity and acoustic
streaming on the acoustical interaction force will be investigated numerically. The
results presented in this chapter have been reported in a manuscript, which is currently
under review in Physical Review E, [J3] in the publication list.
Finally, in chapters eight and nine, the main findings are discussed to answer the




Throughout this thesis, all the vectors and matrices are shown by bold-face letters. Real
and imaginary parts of a complex number are denoted by <(·) and =(·), respectively.
The complex conjugate of a complex number is denoted by an asterisk (·)∗.
Before reviewing the previous works on the acoustic radiation force, some of
the fundamental equations and assumptions are discussed here. The motion of the
fluid, regarded as a continuous medium, in a microfluidic channel is described by the
Navier-Stokes equation expressed as
∂ρ
∂t
+∇ · (ρv) = 0,
∂
∂t
(ρv) = ∇ · (σ − ρv ⊗ v) ,









(∇ · v) I,
(2.1)
where ρ, v and p are the density, pressure and velocity of the fluid, respectively; σ is
the stress tensor, µ and µB are the dynamic and bulk viscosity coefficients, respectively.
Using the perturbation technique [19, 21, 27, 28], the velocity, pressure and density,
with accuracy up to the second-order, are written as
v = v0 + v1 + v2,
p = p0 + p1 + p2,
ρ = ρ0 + ρ1 + ρ2,
(2.2)
where the indices 0, 1 and 2 show the zero, first and second-order variables, respectively.
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The zero-order velocity v0 is zero for an stationary fluid. By approximating the velocity
and pressure in equation (2.1) by these variables of different orders of magnitude, one
can derive two sets of linear equations which provide the second-order approximation
of the nonlinear Navier-Stokes equations. By using the perturbation technique, the
nonlinear terms in equation (2.1), such as ρv ⊗ v, appear in higher order equations
as a source term on the right hand side since they are calculated from the solution
of the lower order equations. It means that, by solving all the linear equations of
different orders in a sequential manner, the nonlinearity in equation (2.1) can be
handled without iteration.
By substituting equation (2.2) into equation (2.1) and keeping the terms up to the
first order, the acoustic wave equation is derived as follow,
∂ρ1
∂t




= ∇ · σ1,
(2.3)
where σ1 is the first-order stress obtained from equation (2.1) by substituting the
first-order (acoustic) velocity and pressure. It is also known that p1 = c2ρ1, where c is
the sound speed in the fluid [29].
The acoustic streaming equation can be derived by substituting equation (2.2) into
(2.1) and only keeping the time-averaged second-order terms. It is written as
ρ0∇ · 〈v2〉 = −∇ · 〈ρ1v1〉,
∇〈σ2〉 = ρ0∇〈v1 ⊗ v1〉,
(2.4)




(·) dt is the time-averaging operator and T is the time period of the
acoustic wave. Those terms on the right-hand side of equation (2.4) are considered as
the source terms calculated from the first-order velocity and density.
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σ · ndS〉, (2.5)
where S(t) is surface of the particle at time t and n is the unit vector which is normal
to the surface and pointing outwards. By substituting equation (2.2) into (2.5) and







〈σ2〉 · ndS, (2.6)
where S0 is the unperturbed surface of the particle. By using divergence theorem, the




σ1 · ndS〉 = 〈
∫
S
σ1 · ndS〉 − 〈
∫
Ω(t)
∇ · σ1dΩ〉, (2.7)
where S is a fictitious surface surrounding the sphere and Ω(t) is the volume bounded
by S(t) and S. The first integral on the right-hand side of equation (2.7) is zero
since the first-order variables are time harmonic and their time-averaged values are



























(v1 ⊗ v1) · ndS, (2.9)










〈v1 ⊗ v1〉 · ndS. (2.10)
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Substituting equation (2.10) and (2.8) into equation (2.7), the integration of the




σ1 · ndS〉 = −ρ0
∫
S
〈v1 ⊗ v1〉 · ndS, (2.11)
where ρ0 (v1 ⊗ v1) is called the Reynolds stresses and induced by the oscillation of the





〈σ2 − ρ0 (v1 ⊗ v1)〉 · ndS. (2.12)
Acoustic radiation force is defined as the momentum flux carried by the radiated
waves from the scatterer [30]. Hence, the mean force is different from acoustic
radiation force, since the second-order stresses in equation (2.12) includes the effect
of the streaming flow. However, it has been shown that for an ideal fluid the mean
force is equal to the acoustic radiation force [19, 31]. For a viscous fluid, the difference
between the mean and radiation forces is due to the viscous drag force exerted to the
particles by the streaming flow [21].
According to the literature [7,16,21,32–38], acoustic radiation force can be split into
axial primary force, transverse primary force and the secondary (interparticle) force.
The axial primary radiation force acts along the wave direction and pushes the particles
to the pressure node or anti-node depending on their material properties [7, 16, 17, 19].
This force has been studied both experimentally and theoretically and shown to
be proportional to the energy density squared [16–18, 20–23, 26, 31, 34, 39–48]. The
transverse primary force (acting in the perpendicular direction to the incident wave) is
due to the gradient of the energy density in the sound field. Both components of primary
forces have been studied theoretically for a single sphere [7, 32,49], whereas in reality
there are many particles for being manipulated with the acoustic wave. Therefore, the
secondary force has been formulated theoretically to explain the interaction between
the particles [3, 34–39,48,50]. The secondary radiation force causes the particles to
Chapter 2. Literature review 14
form aggregates in the entire fluid domain especially when they are close to each
other [48].
Generally, acoustic radiation force depends on several factors such as the viscosity
of the fluid, change of the temperature, number of particles in the sound field, effect
of the channel wall or other interfaces and the shape and material properties of the
particles. A few assumptions are required for further calculation of the acoustic
radiation force and study of the viscosity and interaction between particles. These
assumptions are listed below,
• isothermal process
• spherical shape of particles
• rigid particles
• quasi-static condition to describe the motion of the particles
• infinite fluid domain (no channel wall)
Naturally, the temperature of the fluid in the channel increases in acoustophoretic
applications. Piezoelectric transducers are usually used for exciting the micro channels.
Depending on the running voltage and current, the heat generated inside the transducer
affects the temperature of the fluid. The varying temperature affects the fluid properties
such as the speed of sound, density and viscosity coefficient. There are some practical
techniques to maintain the temperature by using a cold surface and thermal-electrical
coupling (Peltier element) [9, 51].
From the theoretical point of view, adding the thermodynamic equation to the
Navier-Stokes equation results in a coupled system of equations [52–55]. From the
perspective of developing a numerical scheme, the coupled system of equations can be
numerically solved for the extra variables, the temperature and heat flux. Therefore,
the numerical scheme can be initially developed by neglecting the thermal effects. We
hereby assume that the temperature remains constant during the acoustophoretic
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process (isothermal assumption) to simplify studying the effects of the viscosity and
presence of other particles. The isothermal assumption has been widely used in the
literature of acoustic radiation force [16–19,21,47,48].
Micro particles with various shapes can be approximated by spheres, cylinders,
disks and ellipsoids. All these shapes have been studied previously and some formulae
were proposed to calculate the radiation force on them [2, 56–63]. In addition, the
acoustic radiation torque is calculated for non-spherical shapes [57,62,64,65] However,
spherical shape simplifies the calculation of the radiation force and provides a good
approximation of the original shape of the particles. Therefore, we focus on the
calculation radiation force acting on the spheres.
Generally, micro particles can be categorized based on their internal structure into
solid microbeads, liquid droplets, gas bubbles and multilayer particles with liquid or
gas nucleus. Majority of cells and bioparticles fall into the category of multilayer
particles as their surface is a lipid layer and acts as a membrane [66,67]. The material
properties of the cells affect the scattering and refracting of the incident acoustic wave
and consequently the radiation force [22, 47]. In theory, the boundary condition is
determined by the material properties of the particle. The two extreme cases are
sound-hard and sound-soft boundary conditions (Neumann and Dirichlet boundary
conditions) associated to the rigid spheres and air bubbles, respectively. We hereby
assume that the spheres are rigid and have sound-hard surface. However, the numerical
method will be developed in a way that any boundary condition can be solved.
When the particles start moving under the acoustic radiation force, an additional
drag force will be exerted to them by the surrounding fluid [68–70]. The dynamic
balance of the two forces, in the absence of other forces, results in a quasi-static
condition since the mass of the micro particles is small due to their small volume
(typically of the order of 10−18 to 10−15 m3). Therefore, we can assume that the
particles have steady motion at the instant of the force calculation (quasi-static
condition).
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Theoretically, acoustic radiation force is calculated for a particle in an infinite fluid
domain [16,19,26]. However, the walls of the microfluidic channel disturbs the fluid as
they causes acoustic streaming [71]. The additional streaming can be treated as an
external fluid flow passing around the particles and consequently exerting additional
viscous drag on them [68,69]. This technique enables us to use an infinite fluid domain
without loss of generality.
2.1 Inviscid theory
2.1.1 Acoustic wave equation
In this section, the fundamental equations of the acoustic wave theory are briefly












For an ideal fluid, the acoustic velocity becomes an irrotational field; thus, the acoustic











Since the acoustic variables are time-harmonic [29], the time-dependent part of the
acoustic variables will be e−iωt, where i is the complex variable and ω is the circular
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frequency of the wave. Hence, equation (2.13) can be expressed as
∇2Φ + k2Φ = 0, (2.16)
where Φ is the amplitude of the velocity potential and k = ω/c is the nominal wave
number. More details about acoustic wave theory can be found in reference [ref:kinsler].
Since the wave equation is linear, the total velocity potential is written as
φ = φin + φsc, (2.17)
where φin and φsc are the velocity potentials of the incident and scattered waves,
respectively. Similarly, other acoustic variables consist of incident and scattering parts.
Generally, the incident wave is given and, to get the total potential, the solution of
the scattered wave is required. The two waves are related to each other through the
boundary condition imposed on the surface of the scatterer. Both the incident and
scattered waves are required to calculate the acoustic radiation force.
One of the popular techniques to find the scattered wave is the T-Matrix method
[72–78]. This method was reportedly used for objects with any shape; however, it
becomes computationally expensive for non-spherical objects [74,79]. Since we calculate
the scattered waves for spheres, a simpler numerical technique is sought.
2.1.2 Acoustic radiation force
For an ideal fluid (µ = 0), the second-order stresses required for calculation of the
acoustic radiation force is equal to the negative of the second-order pressure −p2 [19,31].
After using equation (2.14) to rewrite the vector source terms in equation (2.4), the
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This second-order pressure induced by an acoustic wave is called radiation pressure and
proportional to the square of acoustic pressure and velocity [16,25,80]. Equation (2.18)
is an Eulerian description of the radiation pressure [25]. More details about another
formulation of radiation pressure based on the thermodynamics and both Lagrangian
and Eulerian descriptions were explained in references [25, 80]. For calculation of
acoustic radiation force form equation (2.12), the Eulerian description is required and












〈v1 ⊗ v1〉 · ndS, (2.19)
where v1 is the magnitude of the acoustic velocity. For a single rigid sphere, the
Reynolds stresses are zero and the acoustic radiation force is obtained from integrating
the radiation pressure over the surface of the sphere.
Since acoustic variables are time-harmonic, their time-averaged values are zero.
However, applying the time-averaging operator on the product of the acoustic variables
results in a non-zero value. To show this, let us consider f = <(f0e−iωt) and g =





















0 g0) . (2.20)
Hence, the time-averaged radiation pressure is non-zero and its surface integration
gives the radiation force.
Many studies had been focused on the calculation of the acoustic radiation force on
a single sphere using the inviscid theory [2,16–18,20–23,26,31,40,46–48,53–55,61,63,81].
The radiation pressure has been studied and formulated by Lord Rayleigh [24]. Later,
the detailed review of the radiation pressure was reported by Wang et. al. [25, 82]. In
1934, King used the multipole series expansion for the velocity potential and derived a
series solution for the acoustic radiation force acting on a rigid sphere [16]. By using
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the first two terms of the force series solution, he derived two formulae for standing
and progressive incident waves to obtain the force for spheres in the Rayleigh limit
i.e. ka << 1 where a is the radius of the sphere and k is the nominal wave number.
King’s formula was applied to a wide range of sphere sizes to determine its validity
range [40]. For a rigid sphere in a standing wave, King’s formula is expressed as
F = piρ0|Φin|2(ka)3 sin(2kd)3 + 2(1− ρ0/ρ)
6 + 3ρ0/ρ
, (2.21)
where Φin is the amplitude of the incident standing wave, d is the position of the
sphere with respect to a reference plane and ρ is the density of the spherical particle.
To incorporate ρ in the force formula, he considered the rigid-body oscillation of the
sphere. He concluded that if the density of the sphere is larger than two fifth of the
density of the host fluid, it would go to the pressure node. For the lower densities, the
sphere is pushed to the pressure anti-node. This insightful conclusion almost describes
the mechanism of the particle separation in a sound field.
King’s approach which is to use multipole series expansion and integrating the
stresses on the surface of the sphere was later used by many researchers [2, 17,22,23,
31,40,46–48,57]. Yosioka and Kawasima added the compressibility of the sphere to the
King’s formula by considering the refracted wave inside the sphere. Their results were
suitable for describing the motion of liquid drops or gas bubbles in a sound field [17].
Similar to the King’s study, they reported a series solution for the force and used the
first two terms to derive two formulae for standing and progressive incident waves.
Hasegawa et. al. studied a compressible solid sphere by including the elasticity of the
particle in their calculations. Including the elasticity of the sphere was equivalent to
solving for both refracted compression and shear waves inside the sphere [22]. They
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reported a series solution for the force expressed as




(−1)n+1 [= (Sn) + 2 (n+ 1) (< (Sn+1)= (Sn)− (1 + < (Sn))= (Sn+1))] ,
(2.22)
where Yst is the dimensionless acoustic contrast factor, Sn is the ratio of the scattered
wave coefficients over those of the incident wave and will be discussed more in Chapter
3. For a single rigid sphere, their series solution degenerates back to the King’s series
solution.
In a series of articles, Mitri used the multipole series expansion to calculate the
acoustic radiation force acting on cylinders, multilayer spherical particles with different
nucleus and different incident waves [26, 47,61,81,83]. He also discussed the acoustic
radiation torque for some of the above cases [63].
The force acting on the particles with other simple shapes such as cylinders,
ellipsoids and disks were reported [56, 57, 60]. Sanaei et. al. showed that, for an
ellipsoid, the King’s approach can be applied except that the series is written using
the ellipsoidal harmonics [58]. Marston also reported the force acting on an spheroid
using the Hasegawa’s series solution by adding the effect of the shape to the acoustic
contrast factor [57].
The other approach to calculate the radiation force was introduced by Gorkov
in 1962 [18]. He showed that the radiation force can be obtained as a derivative of
a potential field in the inviscid theory. The expression for the potential field was
derived from the pressure radiation and incorporates the compressibility and density
of the particle. For rigid spheres, his formula is the same as King’s formula. In his
formulation, he evaluated the radiation pressure at far distances from the sphere (far-
field approach) and used monopole and dipole terms of the multipole series expansion.
He also concluded that the particles move towards the locations where the radiation
force potential is minimum.
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In summary, two approaches, near-field (introduced by King) and far-field (intro-
duced by Gorkov) were used to study the acoustic radiation force. Other researchers
used these two methods to include the effects of non-spherical shapes, multilayer
structure and compressibility and elasticity of the spheres.
In the literature, the total radiation force, taking into account both the primary and
secondary forces, have been studied both theoretically and experimentally [34, 84–89].
Most of the studies focused on interparticle forces between bubbles and few discussed
the radiation forces between solid spheres.
In 1906, Bjerknes derived a formula [33, 34] for calculating the secondary force
acting on a pair of pulsating bubbles . Later, Apfel and Embleton calculated the
second-order scattered wave, which is the re-scattering of the first-order scattered wave,
to provide better approximation for the secondary force [39, 88]. They calculated the
force for small distances between spheres using King’s and Yosioka’s approaches [16,17].
In formulating a general framework to calculate the secondary force, Doinikov and
Zavtrak used the multipole reexpansion technique to calculate the coefficients of
scattered waves from other spheres at the center of the target sphere [35–38]. Similar
to the earlier studies, they used the monopole and dipole terms of the multipole
series expansion to derive the analytical formulae for the primary and secondary
forces. In 2001, Doinikov used five terms of multipole series expansion to calculate
the interparticle force between gas bubbles in water [48]. For bubbles that are much
smaller than the wavelength, he showed that Bjerknes formula overestimates the
secondary force for small distances and cannot predict the change in the direction
of the force for a wide range of surface-to-surface distances. The study was limited
to the axisymmetric configuration of two spheres. Silva and Bruus, in 2014, derived
an analytical formulae for calculation of interparticle forces [50]. They showed that,
similar to the primary force, the secondary force can be obtained from a potential field.
In contrast to Doinikov’s study [48], their formulation is based on the monopole-dipole
approximation which is only valid for very small spheres.
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2.2 Viscous theory
2.2.1 Acoustic wave equation
Due to the viscosity, a shear (viscous) wave propagates through the fluid in addition
to the acoustic wave. Hence, the acoustic velocity is expressed as
v1 = ∇φ+∇×Ψ, (2.23)
where Ψ is the vector velocity potential. The gradient of the scalar potential gives the
irrotational part of the velocity whereas its solenoidal part is the curl of the vector
potential and induced by the shear wave. The pressure and density are calculated
from the scalar potential φ, using equation (2.15). By substituting equation (2.23)
into (2.3) and considering the acoustic variables to be time-harmonic, two Helmholtz
equations for the velocity potentials are derived and written as
∇2Φ + k2cΦ = 0,
∇2Ψ + k2vΨ = 0,
(2.24)
where Ψ is the amplitude of the vector velocity potential, kc and kv are the acoustic



















2µ/ (ρ0ω) is the viscous penetration depth. For shear waves, the viscous
wavelength is defined as λv = 2piδ. More details on the formulation of the first-order
variables for the viscous case can be found in references [20,21,29].
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2.2.2 Acoustic streaming
Acoustic streaming is the motion of fluid under the body force induced by an acoustic
wave which acts on the bulk of the fluid. It happens due to the viscosity of the fluid
which causes the attenuation of the acoustic wave. Two types of acoustic streaming has
been discussed in the literature, the quartz wind and the Rayleigh streaming [90,91].
Both of these streaming are generated by the sound wave and associated with the
Reynolds stresses. The quartz wind causes the bulk of the fluid to move under
the body force (quadratic convective terms) generated by the acoustic field. The
Rayleigh streaming, as discussed by Lord Rayleigh [92], is a steady-state vortical
fluid motion and happens near solid boundaries and is characterized by the energy
dissipation within the boundary layer adjacent to that boundary. Rayleigh streaming
is always accompanied by Schlichting streaming which takes place in the boundary
layer [90]. It was reported that Rayleigh streaming occurs more widely, compared to
the other type [90, 93]. Figure 2.1 shows the Rayleigh and Schlichting streaming flows


































Figure 2.1: Schematic illustration of Rayleigh and Schlichting streaming near a wall
or an interface
For an acoustic traveling waves, another form of streaming occurs due to the
net mass transport, as opposed to the case of a standing wave. This streaming is
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usually referred to as Gedeon streaming or DC flow, and it usually occurs in Stirling
thermodynamic engines and refrigerators [94]. It is noted that all different types of
streaming mentioned above are governed by equation (2.4).
Since we study the particle manipulation in a standing wave, the source of streaming
would be the acoustic energy dissipation in the boundary layer near the surface of
the particle. In the literature, it has been shown that, for calculating the radiation
force using the near-field approach, the solution of the acoustic streaming is required
[20,21,30], whereas the streaming effects will be neglected in the far-field approach
[19,31].
2.2.3 Total mean and acoustic radiation force
As mentioned earlier, equation (2.5) gives the mean force acting on a scatterer. For
plane standing waves, Doinikov showed that the Stokes-drag force is negligible (around
six orders of magnitude smaller that the mean force); thus, equation (2.5) can be
used to evaluate the acoustic radiation force. By substituting the expression for the















(∇ · v2) I− p2I〉 · ndS − ρ0
∫
S0
〈v1 ⊗ v1〉 · ndS.
(2.26)
Both v2 and p2 are obtained from the acoustic streaming equation.
Generally, radiation force can be calculated using both the near-field and far-field
approaches. In the near-field approach, the solution of the acoustic streaming is
required and equation (2.26) is used to calculate the force [20, 21, 30]. For a single
sphere, Doinikov reported a rigorous analytical solution for the acoustic streaming
and calculated the radiation force using a series expression [20]. Each term in the
force series requires the evaluation of at least one semi-infinite line integral along the
radial direction. He ultimately incorporated the viscosity as an additional term into
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the contrast factor and showed that, for spheres with their radius comparable with
the viscous penetration depth, the viscosity and acoustic streaming greatly affects the
radiation force.
To use far-field approach, it is assumed that the viscosity and streaming effects are
negligible at far distances from the scatterer as they decay rapidly [19, 31]. Hence, the
inviscid theory can be applied and the radiation force can be calculated from equation
(2.19). However, the no-slip boundary condition would be additionally imposed due to
the viscosity. Settnes and Bruus showed that Gorkov’s method is still valid for the
case of viscous fluid. They used boundary matching technique to impose the no-slip
boundary condition and incorporate the viscosity effect. They proposed a formula for
the solid compressible sphere which is the same Doinikov’s formula. The formula was
only valid for small spheres within the Rayleigh limit ka << 1.
In 2007, Mitri showed that, for an ideal fluid, the series solution for the radiation
force can be derived from the far-field approach and it is exactly the same as the
one obtained by Hasegawa using the near-field approach [26]. Then, Balachandar et.
al. used that series solution to calculate the radiation force acting on a single sphere
in a viscous fluid. By imposing the viscous boundary conditions, they analytically
derived the coefficients of the series [31]. Their method gives the same results as Bruus
and Doinikv’s formula if the first two terms in the series are included in the force
calculation. Moreover, their solution is not limited by the size of the sphere.
The advantage of using far-field approach is that the solution of the acoustic
streaming is not required and it only gives the acoustic radiation force. However, the
interparticle forces cannot be obtained using this approach as they are governed by
the Newton’s third law. Hence, our numerical algorithm is developed based on the
near-field approach to include the interaction of the particles as well.
In the context of pulsating bubble dynamics, the secondary Bjerknes force which is
fundamentally equivalent to the secondary radiation force has been extensively studied
both theoretically and experimentally. However, theoretical studies are limited to
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simple cases of calculating the secondary force on small bubbles in the Rayleigh limit
(ka << 1) by only considering radial and translational velocities of the bubble surface
which are equivalent to monopole and dipole shape oscillations. The latest study by
Doinikov [95] included the first-order effect of the viscosity and the acoustic streaming
solution for the case of pulsating bubbles which are far apart from each other in order
to neglect higher order spherical harmonics. The complete details on the secondary
Bjerknes force acting on pulsating bubbles can be found in the references [34–38,87,95].
For rigid or compressible solid particles, however, only few studies have been
conducted on the calculation of the secondary radiation force [3, 34,48,50,70,89]. In
all these studies, it is assumed that the host fluid has no viscosity; thus, the dissipative
effects and acoustic streaming were ignored. Therefore, studying the effects of the
viscosity and streaming flow on the interparticle force between particles in a standing
wave can shed light on the description and mechanisms of particle movements and
agglomeration in acoustophoresis.
In summary, the closed-form formulae proposed in the past can be used for
calculating acoustic radiation force on single sphere. Some analytical expressions were
also derived for interparticle force based on the idea of re-scattering of the scattered
waves [35,96]. Since the re-scattering model is incomplete, it is one of the challenges in
this field to develop a theoretical model in which the radiation and interparticle forces
are obtained separately, by using simultaneous calculation of scattered waves [48].
Additionally, including the viscosity into the model for multiple spheres will make it
more complex, since the acoustic streaming needs to be accounted for. Considering
the complexity of the these challenges, numerical approaches will be preferred for
calculation of acoustic radiation and interparticle forces. Thus, the objective of this
study is to develop a numerical method based on the analytical solutions to solve the
case of multiple spheres in the viscous fluid.
For verification, the numerical results can be compared with the analytical results
reported for the case of single sphere in either ideal or viscous fluid. The analytical
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results of Yosioka’s formula were already verified by the experimental results for fused
silica spheres in water [97]. It was reported that the resolution of the experimental
measurements was not adequate to find the effect of viscosity on the primary force
[54,98]. This is expected since theoretical studies also showed small contribution of the
viscosity of the fluid in the radiation force acting on a single sphere [19,21,31]. It is
noted that the experimental measurement of acoustic radiation force is usually done by
either tracking micro spheres in a micro channel or levitating them in the air [68, 97].
For multiple spheres, direct experimental measurement of interparticle force has not
been reported yet in the literature. The only experimental study reported for the
interparticle force was an indirect way of measurement based on tacking particles and
using the assumption of constant velocity movement [70]. The results of this study
have not been verified yet and still need improvement in the methodology. Thus,
it is currently not possible to verify the numerical results of interparticle force by
comparing with the experimental ones.
Chapter 3
Methodology
In this chapter, the multipole series expansion is discussed as the analytical solution
of the Helmholtz and Laplace equations [99]. Then, the Stokeslet method is discussed
as the analytical solution of the Stokes flow equation [100]. Finally, the Multipole-
Stokeslet method is proposed and developed in four steps, by combining the Multipole
series expansion and Stokeslet method. The details of numerical implementation of
Multipole-Stokeslet method are summarized in four algorithms.
3.1 Multipole series expansion
Multipole series expansion is an infinite sum of the eigen functions derived from
Helmholtz and Laplace equations. It is a powerful tool for solving wave problems in
different fields such as acoustics and electromagnetism. In this section, the derivation
of multipole series expansion is briefly explained.
Consider a scalar field f governed by the Helmholtz equation
∇2f + k2f = 0, (3.1)
where k is a constant number (for the acoustic wave problem it is called the wave
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where r is the radius, θ and ϕ are the polar and azimuthal angles, respectively.
Using the spherical description of the Laplacian and considering f = R(r)Θ(θ)Γ(ϕ)

























RΘ + k2RΘΓ = 0.
(3.3)
After multiplying through by r2/(RΘΓ) and considering the separation constants to

























Θ = 0, (3.5)
d2Γ
dϕ2
+m2Γ = 0. (3.6)
It is noted that by setting k = 0, the Helmholtz equation converts to the Laplace
equation ∇2f = 0. Hence, only equation (3.4) changes when the field is governed by







− n(n+ 1)R = 0, (3.7)
3.1.1 Spherical harmonics









where Pmn is the associated Legendre polynomial of order n and degree m, for
n = 0, 1, · · · ,∞ and m = 0,±1, · · · ,±n The orthonormal property of the spheri-
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lk(θ, ϕ) sin θdθdϕ = δnlδmk, (3.9)
where the super-scripted asterisk ∗ denotes the complex conjugate. These functions
form a complete set of orthonormal functions and thus form a orthonormal basis of the
Hillbert space for quadratically integrable functions. In simple words, the spherical
harmonics in the multipole series written for the spherical coordinates has the same
role as the trigonometric sine and cosine functions in the Fourier series (written in the
Cartesian coordinates). Hence, they are used for approximating any function across
any surface enclosing the origin of the coordinate system. The first and second-order
derivatives of the spherical harmonics with respect to θ are expressed as
dYnm
dθ















To give some examples, spherical harmonics of order n = 0, 1 and 2 (commonly
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called as monopole, dipole and quadrupole, respectively) are expressed as






























































eiϕ sin θ cos θ.
(3.11)
3.1.2 Bessel functions for the Helmholtz equation
Equation (3.4) is the spherical Bessel equation and has regular and singular solutions.
The regular solution is called the spherical Bessel function denoted by jn(kr), where
subscript n is the order of the function. Spherical Neumann functions denoted by
yn(kr) are the singular solutions. Hankel functions are introduced by combining the
regular and singular solutions and expressed as
h(1)n (kr) = jn(kr) + iyn(kr)
h(2)n (kr) = jn(kr)− iyn(kr),
(3.12)
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where h(1)n and h(2)n are the spherical Hankel functions of the first and second kind,









f = 0, (3.13)
where f is any function governed by the Helmholtz equation. The Sommerfeld radiation
condition applies to the waves radiated from a source or scatterer. For example, the
acoustic scattered wave form an object needs to satisfy the Sommerfeld condition;
hence, it is expressed in terms of spherical Hankel functions. In this thesis, we only use
the spherical Hankel of the first kind for the outgoing waves and denote it by hn(kr)
for brevity.
3.1.3 Radial polynomials for the Laplace equation
Similar to the Bessel differential equations, equation (3.7) has the regular solution
rn and the singular one r−(n+1). The regular solution is finite at r = 0 and becomes
infinite when r tends to infinity whereas the singular one only becomes infinite at
r = 0 and decays as r increases. For exterior domain problems (from the object surface
to infinity), only the singular solution is used for describing the radial part of the field
function. The radial function is the only difference between the eigen solutions of the
Laplace and Helmholtz equations.
3.1.4 Series expansion and Brillouin sphere
Using the spherical Bessel and harmonic functions, one can expand the field function
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where fnm is the constant coefficient known as the multipole coefficient. This series ex-
pansion can be used to generate any three dimensional problems. For an axisymmetric





This series expansion called multipole series expansion can be interpreted as placing
different sources such as monopole, dipole and quadrupole at the origin of the spherical
coordinate system. These sources generate fields corresponding to their orders and
then combination of those fields reproduces the field function. For infinite number of
sources, the solution would be exact with no error. However, a few terms from the
series would be adequate for calculation if the series converges fast enough.
Generally, by setting the truncation order of the series to M , we actually include
the first (M + 1)2 terms in our numerical calculations. For the truncated axisymmetric
series expansion, the number of terms reduces to M +1. The number of terms required
in the series calculation determines the number of unknown multipole coefficients.
Smaller number of unknowns requires less computations and theoretically makes the
multipole series expansion faster than other numerical schemes.
For exterior domain problems, the multipole series expansion written using the
spherical coordinates is convergent outside the Brillouin sphere which is the smallest
sphere enclosing the object [101], as shown in Figure 3.1. Hence, multipole series
expansion is not applicable for those objects whose exterior surface falls inside the
Brillouin sphere. In other words, the spherical multipole series expansion only works
for spherical objects. If we use other coordinate system such as ellipsoidal or spheroidal,
the convergence surface becomes the smallest ellipsoid or spheroid, similarly called
the Brillouin ellipsoid. This has been discussed in reference [58] for calculating the
acoustic scattered waves from ellipsoidal cylinders. They used Mathieu functions, the
eigen functions of the Helmholtz equation written in ellipsoidal coordinates, for the






Figure 3.1: Schematic illustration of the Brillouin sphere
multipole series expansion. Since we only focus on the spherical particles, the spherical
multipole series expansion gives the convergent expansion of the field functions. More
details about the multipole series expansion can be found in reference [99].
3.2 Stokeslet Method
The Stokes flow or creeping flow is a type of fluid flow where the advective inertial
forces are smaller than the viscous forces [100]. This type of flow has a small Reynolds
number, Re << 1, and can be found for the cases of very small fluid velocity, high
viscosity and small length-scales of the flow. In this section, we discuss the solution




+ ρ∇ · v = 0,





∇ (∇ · v) + fb = 0,
(3.16)
where fb is the volumetric force. The analytical solution is a Green’s function since the
equations are linear. To derive the Green’s function, the volumetric force is replaced
by a concentrated force fc acting on the origin of the coordinate system. It is also
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Figure 3.2: Schematic illustration of the relation between a concentrated force and
the fluid velocity through Stokeslet tensor J(r)
For the concentrated force located at point xs, the velocity, pressure and surface
traction t at an arbitrary observation point xp, shown in figure 3.2, are obtained as
follow
















t = − 3
4pi




where J is the second-order Stokeslet tensor, r is the relative position vector of the
observation point with respect to the source point and r = |r|.
Generally, using equations (3.16) for calculating the velocity, pressure and traction
is called Stokeslet method. In the case of a volumetric force fb, the Stokeslet equations















(r⊗ r) · fb(xs)
|r|4 dΩ.
(3.18)
Later, we use equations (3.18) to solve the acoustic streaming equations. More details
about Stokeslet method can be found in references [100,102].
3.3 Multipole-Stokeslet Method
In this section, the multipole series expansion and the Stokeslet method are used
to develop a numerical algorithm for calculating the acoustic radiation force. The
algorithm is initially developed for the case of single sphere in an inviscid fluid. Then,
it is extended step by step to include the effects of the number of spheres and viscosity.
The final version of the numerical algorithm is used to solve the case of multiple
spheres in a viscous fluid.
3.3.1 Case 1: single sphere in an ideal fluid








where φ is the velocity potential. For a single sphere, φ is written as
φ = φin + φsc, (3.20)




















Figure 3.3: A sphere with its local spherical coordinates and unit vectors
where φin and φsc are the velocity potentials of the incident and scattered waves,
respectively. For a plane standing wave in the Z direction the incident wave is given as
φin = Φ0 cos(k(z + d))e
−iωt, (3.21)
where Φ0 is the magnitude of the standing wave and d is the position of the center of
the sphere from a reference plane i.e. pressure anti-nodal plane. A single sphere in
a plane standing wave is an axisymmetric problem. The local coordinate system is
attached to the center of the sphere in its equilibrium position, as shown in Figure 3.3.
The global coordinate system is located at the pressure node and the wave is in the
direction of the Z-axis, Figure 3.3.
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where S0 is the surface of the sphere and Y ∗n0 is the complex conjugate of the spherical
harmonic of order n and degree 0. In reference [20], the analytical expression of An







eikd + (−1)ne−ikd) . (3.24)






where Bn are the unknown multipole coefficients. Next step is to impose the boundary
conditions and obtain the Bn coefficients. Although the analytical solution of Bn for
sound-hard boundary conditions has been reported by King [16], we need a general
numerical technique for imposing any type of boundary conditions. Hence, we use the
weighted residue technique and choose the spherical harmonics as the weight functions
due to their orthogonal property. The weighted residue of the sound-hard boundary
conditions is expressed as
∫
S0
(v · n)Y ∗n0(θ)dS0 = 0, (3.26)
where n is the outward normal unit vector to the surface of the sphere (coincide with
the radial basis vector ur). By substituting equations (3.19), (3.20) into (3.26), the










Y ∗n0(θ)dS0 = 0. (3.27)
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Now, substituting the truncated series expansion of the incident and scattered waves
gives a set of equations written in the matrix form as
KB = GA, (3.28)
where A and B is a vectors of incident and scattered wave coefficients, respectively.


















where dS0 = 2pia2 sin θdθ. The Gauss quadrature method proposed by Atkinson is
used for evaluating the surface integral numerically [103]. For axisymmetric case, the
Gauss points are only placed along the meridian (polar direction) and their number is
denoted by ng. For a three-dimensional case, 2ng points along the azimuthal direction
are required for each Gauss point on the meridian; thus, the total number of Gauss
points would be 2n2g.
After solving equation (3.28) for the Bn coefficients, the velocity and pressure are
calculated from the total velocity potential. As mentioned in section 2.1.2, the force is












〈v1 ⊗ v1〉 · ndS. (3.30)
Again, the surface integral is performed by the Gauss quadrature method. Since the
problem is axisymmetric, the radiation force acts only in the incident wave direction.
The steps required for the developed numerical algorithm are as follow,
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Algorithm 3.1: Numerical method based on the multipole series expansion
1 Write the multipole series expansions of φin and φsc, equations (3.22) and
(3.25).
2 Calculate the incident wave coefficients An, equation (3.23).
3 Calculate the matrices in equation (3.28) using the Gauss quadrature method.
4 Calculate the unknown scattered coefficients Bn from equation (3.28).
5 Calculate v1 and p1, equations (3.19).
6 Calculate F by numerical integration, equation (3.30).
3.3.2 Case 2: Multiple spheres in an ideal fluid












)2〉)I− ρ◦〈∇φ⊗∇φ〉)  ndS0. (3.31)
For a system of N spheres, the total velocity potential is given by




where φ(l)sc is velocity potential of the scattered wave from sphere l.
Substituting equation (3.32) into the force integral, equation (3.31), the time-
averaged second order terms, 〈|∇φ|2〉, 〈(∂φ
∂t
)2〉 and 〈∇φ ⊗∇φ〉, can be expanded in
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the time-averaged φ2 for sphere l can be expanded as
〈φ2〉 =1
2
























where Φin is the amplitude of the incident wave and Φ
(l)
sc is the amplitude of the
scattered wave from sphere l.
The other second-order terms 〈|∇φ|2〉 and 〈∇φ⊗∇φ〉 can be expanded in a similar
manner to equation (3.33). Substituting the expanded terms into equation (3.31)
yields five terms for the radiation force acting on sphere l as follow



















Each term in equation (3.34) shows the interaction between two different waves. For
example for sphere l, F(q)is is the force due to the interaction between the incident
wave and the scattered wave from sphere q. It is well known that the force due to the
self-interaction of incident wave, Fii, is zero, as the incident wave does not contain





is , is also zero, because the integral over the surface of
sphere l does not enclose the singularity of the scattered wave from sphere q. In other
words, only singularities enclosed by the surface of sphere l contribute to the resultant
force on sphere l. The only remaining terms in equation (3.34) include the velocity









The first term of equation (3.35), F(l)is , is called primary radiation force and has
been studied as the force acting on a single sphere [16,17,19,20,22,23,33,47,57,67,71].
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The second term, F(l)(l)ss , is the force due to the self-interaction of the scattered wave
from sphere l. According to reference [19], this term is proportional to O(a6) whereas
the primary force is proportional to O(a3). Therefore, F(l)(l)ss is usually neglected in the
force calculation specially for spheres in the Rayleigh limit ka << 1. The last term
in equation (3.35), F(l)(q)ss , is called secondary or interparticle force, originating from
the interaction between the scattered waves from spheres l and q. By Newton’s third
law, this secondary force is equal and opposite on the pair of spheres. For brevity, the
primary and secondary forces are denoted by Fp and Fs, respectively.
For calculating the potentials, the three-dimensional series expansion is required
since the configuration of spheres is arbitrary (not necessarily axisymmetric). The


















where B(l)nm is the multipole coefficients of the scattered wave from sphere l, the coordi-





the local spherical coordinate system attached to the center of sphere l. The radius of




|r=a(l) = 0, l = 1, ..., N (3.37)
By using the weighted residue method with Y ∗nm(θ, ϕ) as the weights, the boundary
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(l), ϕ(l)) sin θ(l)dθdϕ.
(3.40)
Considering a general three dimensional problem, the size of matrices K and G are
N(n + 1)2 × N(n + 1)2 and N(n + 1)2 × (n + 1)2, respectively. For axisymmetric
cases, the sizes of K and G are reduced to l(n+ 1)× l(n+ 1) and l(n+ 1)× (n+ 1)
respectively. By solving the set of equations (3.38), the boundary conditions on all
spheres are satisfied simultaneously.










and A = [Anm](n+1)2×1. Then, the primary and
secondary forces are calculated by substituting the scattered coefficients into equation
(3.31).
The algorithm 3.2 shows the additional steps to extend the numerical algorithm to
the case of multiple spheres in an ideal fluid.
3.3.3 Case 3: single sphere in a viscous fluid
For a viscous fluid, the first-order velocity v1 can be expressed by using the Helmholtz
decomposition as
v1 = ∇φ+∇×Ψ, (3.42)
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Algorithm 3.2: Extended numerical method based on the multipole series
expansion for multiple spheres in an ideal fluid
1 Write the multipole series expansions of φin and φ
(l)
sc , equation (3.36).
2 Calculate the incident wave coefficients An, equation (3.23).
3 Calculate the matrices in equation (3.41) using the Gauss quadrature method
and equations (3.39) and (3.40).
4 Calculate the unknown scattered coefficients Bn from equation (3.41).
5 Calculate v1 and p1, equations (3.19).
6 Calculate F(l)is by substituting the velocity potentials of the incident wave and
the scattered wave from the target sphere l into equation (3.31).
7 Calculate F(l)(l)ss by substituting the velocity potential of the the scattered
wave from the target sphere l into equation (3.31).
8 Calculate F(l)(q)ss by substituting the velocity potentials of the the scattered
waves from the sphere l and sphere q into equation (3.31) (interparticle force).
9 Calculate Ftot, equation (3.35).
where φ and Ψ are the scalar and vector velocity potentials of the first order. The
first-order pressure p1 is written as
p1 = iρ0ωφ. (3.43)
The multipole series expansion of φin and φsc are the same as the case of single
sphere in an ideal fluid, as shown in equations (3.22) and (3.25). For axisymmetric








where uϕ is the unit vector in the azimuthal angle direction and Cn is the multipole
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coefficient. It is noted that the series of the vector potential starts from one whereas
for scalar potential the series index starts from zero. This implies that the monopole
term has no contribution in the vector potential. The incident multipole coefficients
An are given and both Bn and Cn are later obtained from the boundary conditions.
For a rigid sphere, the boundary conditions, with accuracy up to the first order, are
v1 · ur = 0,
v1 · uθ = 0,
(3.45)
where ur and uθ are the unit vectors in radial and polar angle directions. The boundary
conditions are again imposed weakly by using the weighted residue method as follow
∫
S0




(v1 · uθ) dS0 = 0.
(3.46)
To solve the problem numerically, the truncation order is set to M , which gives
the first M + 1 terms from the series of scalar potentials and M terms from the series
of the vector potential. The weighted residuals of the boundary condition equations

























where the elements of the sub matrices K(1), K(2), K(3), K(4), G(1) and G(2) are as






































































dS0, l 6= 0,
(3.48)
where l and q = 0, 1, · · · ,M , unless otherwise stated. The elements of the vectors B,
C are the unknown coefficients Bn and Cn, respectively, and vector A contains all the
coefficients of the incident velocity potential An . It is noted that all the integrals are
computed using Gauss quadrature method. By calculating Bn and Cn from equation
(3.47) and consequently the acoustic pressure, velocity and density, the scalar and
vector source terms in the acoustic streaming equation can be computed.
As mentioned in section 2.2.2, the incident and scattered waves induce Eckart and
Rayleigh acoustic streaming flows, respectively. Therefore, v2 can be represented as
〈v2〉 = 〈v(i)2 〉+ 〈v(s)2 〉, (3.49)
where 〈v(i)2 〉 and 〈vs2〉 are the time-averaged velocities induced by the incident and
scattered waves, respectively. To be more precise, 〈v(i)2 〉 is assumed to be the velocity
of the fluid due to the incident wave, in the absence of the sphere. For a standing




{(kc − k∗c ) sin [(kc + k∗c ) (z + d)]− (kc + k∗c ) sin [(kc − k∗c ) (z + d)]} ,
(3.50)
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where uz is the unit vector in the z direction.
Calculating 〈v(s)2 〉 is not as straightforward as 〈v(i)2 〉. Since 〈v(s)2 〉 is induced by the
scattered waves, the acoustic streaming equations can be rewritten as
ρ0∇ · 〈v(s)2 〉 = mv,














and ρ(i)1 = iρ0k2φin and v
(i)
1 = ∇φin. From the mathematical point of view, the
solution of 〈v(s)2 〉 and 〈p(s)2 〉 can be split into complementary and particular solutions,
〈v(s)2 〉 = 〈v(s)2c 〉+ 〈v(s)2p 〉,
〈p(s)2 〉 = 〈p(s)2c 〉+ 〈p(s)2p 〉.
(3.53)
The multipole series expansion is used to solve the homogeneous streaming equations
for the complementary solution of the second-order velocity, 〈v(s)2c 〉. By using the
Helmholtz decomposition, 〈v(s)2c 〉 is represented as
〈v(s)2c 〉 = ∇φ+∇×Ψ, (3.54)
where φ and Ψ are the second-order scalar and vector velocity potentials. By sub-
stituting equation (3.54) into equation (3.52) and setting mv and fv to zero, the
homogeneous streaming equations can be reduced to the harmonic and biharmonic
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Subsequently, the complementary second-order pressure, 〈p(s)2c 〉, can be obtained as
follow
∇〈p(s)2c 〉 = µ∇2∇×Ψ. (3.56)



























where Bn, Cn and En are the unknown coefficients. It is noted that the multipole
series expansions of the velocity potentials are written in terms of the singular radial
functions which satisfy the condition of vanishing velocity at infinity. It has been












from the vector potential series are the same.















where n = ur for the case of a sphere. Hence, between Bn and En, which are not
independent, we set En = 0. The other coefficients Bn and Cn are later calculated
from the boundary conditions after knowing the particular solutions.
The next step is to find the particular solutions of the second-order velocity and
pressure, induced by the scattered waves. Unlike Doinikov’s method [20], the original
form of the streaming equations is used to obtain 〈v(s)2p 〉 and 〈p(s)2p 〉. Wang and Dual
suggested that the scalar source term mv can be neglected so that the streaming
equations can be solved as Stokes flow equations [71]. This idea is implemented here
to develop the numerical scheme further. However, the validity of this assumption will
be later investigated in section 6. By setting mv = 0, the Stokeslet method can be
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used for evaluating the particular solutions. It is known that the Stokeslet decays as
1/r; thus, the particular solution of the velocity vanishes at infinity.
Since fv is a volumetric force, 〈v(s)2p 〉, 〈p(s)2p 〉 and 〈t(s)2p 〉 (the particular solution of the





























where xˆs is position vector of the force point, xˆp is the vector position of the observation
point, rˆ = |xˆ| = |xˆp − xˆs| and Ω is the exterior infinite domain bounded by the sphere
surface and dΩ is the volume element. To numerically evaluate the volume integrals in
equation (3.59), a finite computation domain is used. The finite domain is discretized
with small tetrahedral elements and linear shape functions. The force distribution on
the volume of each element is then replaced by the equivalent point force acting on
its centroid (used for integration with one Gauss point). In the view of this, for Me



















(xˆn − xˆp) · fv|xˆn ,





[(xˆn − xˆp)⊗ (xˆn − xˆp)] fv|xˆn ,
(3.60)
where rˆn = |xˆn− xˆp|, xˆn is position vector of the centroid of the the nth element, xˆp is
the position vector of the observation point, at which the variables are calculated, fv|xˆn
is the equivalent force acting on the element centroid and Ωn is the element volume.
After calculating the surface traction 〈t(s)2p 〉, one can directly calculate the force Fp
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Now, we are able to obtain the multipole coefficients of second-order potentials by
imposing the boundary conditions and using the particular solution of the velocity
〈v(s)2p 〉. For the acoustic streaming problem, the boundary conditions are
(
〈v(i)〉+ 〈v(s)2c 〉+ 〈v(s)2p 〉
)
· ur = 0,(
〈v(i)〉+ 〈v(s)2c 〉+ 〈v(s)2p 〉
)
· uθ = 0
(3.62)
where 〈v(i)〉, 〈v(s)2c 〉 and 〈v(s)2p 〉 have been derived in equations (3.50) , (3.54) and (3.60),






〈v(i)〉+ 〈v(s)2c 〉+ 〈v(s)2p 〉
)





〈v(i)〉+ 〈v(s)2c 〉+ 〈v(s)2p 〉
)
· uθdS = 0.
(3.63)
Since Bn and Cn are the unknown coefficients, equation (3.63) is written as a set of

































where the elements of the sub matrices K(1), K(2), K(3), K(4), G(1), G(2), H(1) and
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(〈v(i)〉 · uθ) dYl0(θ)
dθ
















〈v(s)2p 〉 · uθ
) dYl0(θ)
dθ
dS, l 6= 0,
(3.65)
where l and q = 0, 1, · · · ,M , unless otherwise stated. By solving equation (3.64) for
Bn and Cn, one can calculate the complementary solution of the second-order velocity

















∇ · v(s)2c − p(s)2c I〉ndS. (3.66)
Considering Fc and Fp, the total force is expressed as





〈v1 ⊗ v1〉 − 〈v(i)1 ⊗ v(i)1 〉
)
ndS. (3.67)
All the surface integrals are evaluated using the Gauss quadrature method for spherical
surfaces. The algorithm below summarizes the steps of calculating the radiation force
using the proposed scheme.
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Algorithm 3.3: Multipole-Stokeslet Method
1 Write the multipole series expansion of φin, φsc and Ψ, equations (3.22),
(3.25) and (3.44).
2 Calculate the unknown coefficients Bn and Cn from equation (3.47).
3 Calculate v1 and p1, equations (3.42) and (3.43).
4 Calculate fv, equation (3.52).
5 Discretize the finite computation domain.
6 Calculate the Stokeslet tensor, fv|xˆn and Ωn for the nth element.




2p , equation (3.60).
8 Calculate Fp, equation (3.61).
9 Write the multipole series expansion of φ2 and Ψ2, equation (3.57).
10 Calculate v(i)2 , equation (3.50).
11 Calculate the unknown coefficients Bn and Cn from equation (3.64).
12 Calculate v(s)2c and p
(s)
2c , equations (3.54) and (3.56).
13 Calculate Fc, equation (3.66).
14 Calculate F, equation (3.67).
3.3.4 Case 4: Multiple spheres in a viscous fluid
The acoustical interaction problem is usually formulated for a pair of spheres [35–38,
48,50], as shown in Figure 3.4. A local spherical coordinate system is attached to each
sphere. For a stationary viscous fluid, the primary and secondary radiation forces
along with the viscous drag are exerted to each sphere in the sound field. For a plane
standing wave, it has been shown that the drag force generated from the acoustic
streaming induced by the incident wave is negligible [20,21]. Hence, the total mean
force is the sum of the primary radiation and secondary (interparticle) forces.
In this section, we use the methodology explained in sections 3.3.2 and 3.3.3 to


























Figure 3.4: a pair of particle in the axisymmetric configuration
extend the numerical algorithm to the case of multiple spheres in a viscous fluid. For
a pair of spheres in the axisymmetric configuration shown in figure 3.4, the scalar and
vector potentials are obtained as









where Ψ(j)sc is the vector potential of the scattered wave from the jth sphere.
For the jth sphere, the multipole series expansions of the scalar and vector potentials
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where rj and θj are the local spherical coordinates with respect to the jthe sphere,
u
(j)
ϕ is the local unit vector in the azimuthal angle direction, and B(j)n and C(j)n are
the multipole coefficients of the scalar and vector potentials of the scattered wave
from the jth sphere, respectively. To obtain the multipole coefficients B(j)n and C(j)n ,
















where u(j)r and u(j)θ are the radial and tangential basis vectors of the local spherical
coordinate attached to the jth sphere, as shown in Figure 3.4a. For a pair of spheres,




















where A(j) is the multipole coefficients of the incident wave obtained by substituting
the position of the jthe sphere, dj, into equation (3.23). For numerical calculations,
the truncation order of the series is set to M . The size of the square sub-matrix K and
Chapter 3. Methodology 55



























































































































































































dS2, l, q 6= 0,
(3.75)




































[jq(kcr2)Yq0(θ2)] dS2, l 6= 0,
(3.76)
where l, q = 0, 1, · · · ,M , unless otherwise stated. The system of equations is solved
for the multipole coefficients, Bn and Cn, of the scattered waves from both spheres
simultaneously.
To obtain the interparticle force, we need to calculate the total mean and primary
radiation forces. Calculation of the primary radiation force only depends on the
incident wave and the scattered wave from each individual sphere. By using the
far-field approach, it was shown that the Hasegawa’s series can be used for calculating
the primary force for a viscous fluid, except that the multipole coefficients Bn were
obtained from the viscous boundary condition [31]. That series solution for the viscous
case is referred to as the far-field series solution hereafter. For the jth sphere, the
primary force, calculated from the far-field series solution, is expressed as






































where S(j)n = B(j)n /A(j)n and B(j)n obtained from equation (3.71) includes the effect of
the viscosity as well as the presence of the other sphere.
For calculating the total mean force, we need to include the streaming flow driven
by the acoustical body force. As mentioned before, we assumed that the fluid is
stationary and its zero-order mean velocity is zero. In addition, it has been shown
that the streaming flow induced by a plane standing wave is negligible [20]. Hence,
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the viscous drag due to the external flow and the incident streaming are neglected





















ρ0〈v1 ⊗ v1〉(s) · ndSj.
(3.78)
The Reynolds stresses in the second integral of equation (3.78) are expressed as
〈v1 ⊗ v1〉(s) = 〈v1 ⊗ v1 − v1(i) ⊗ v1(i)〉. (3.79)
The second-order variables are split into complementary and particular solutions
as follow
〈v(s)2 〉 = 〈v(s)2c 〉+ 〈v(s)2p 〉,
〈p(s)2 〉 = 〈p(s)2c 〉+ 〈p(s)2p 〉.
(3.80)
To use the Stokeslet method for calculating the particular solutions, a Stokeslet source
is located at the centroid of each element in the discretized finite computational domain.
For N number of elements, the particular solutions of the second-order variables are
obtained from equation (3.60).
The complementary solutions of the second-order velocity and pressure are related
to the second-order potentials using equations (3.53) and (3.56). For two spheres,












Since both second-order potentials are governed by harmonic equations derived from
the streaming equation [4, 20], they can be calculated using the multipole series
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To obtain the multipole coefficients, the second-order viscous boundary conditions
















The weights are again chosen due to orthogonality. For a pair of spheres, the set of



























It is noted that the truncation order of the multipole series expansion of the second-
order potentials denoted by M is independent from that for the first-order potentials.
The size of both the square sub-matrix K and sub-vector S is 2M + 1. The elements
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dS2, l, q 6= 0,
(3.87)

























































































〈v(s)2p 〉 · u(1)θ
)



















〈v(s)2p 〉 · u(2)θ
)
dS2, l 6= 0,
(3.90)
where l, q = 0, 1, · · · ,M , unless otherwise stated. After solving for the multipole
coefficients Bn and Cn and calculating the complementary solution of the second-order
variables, the total force can be obtained from equation (3.78) for each individual
sphere. The algorithm below summarizes the additional steps of calculating the total
mean and primary radiation forces discussed in this section.
Numerical implementation of Multipole-Stokeslet method is tedious but straight-
forward, since it is the combination of multipole series expansion and the Stokeslet
methods. First, the scattered wave from the spheres are obtained from the boundary
conditions, by using the weighted residue technique. The multipole coefficients are
obtained by solving the system of equations in which the coefficients matrix is generally
fully populated. Then, the first order velocity and pressure are calculated. For the case
of ideal fluid, the first order variables are substituted in the total force integral to get
the acoustic radiation and interparticle forces. For the viscous fluid, the source terms
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Algorithm 3.4: Multipole-Stokeslet Method for multiple spheres
1 Calculation of the acoustic and streaming variables according to the steps
described in algorithm 3.3 and using equations (3.68), (3.71) (3.80) and
(3.84).
2 Calculate the primary radiation force using the far-field series solution (3.77).
3 Calculate the total force using equation (3.78).
in the streaming equation are calculated from the first order velocity and pressure.
The fluid domain around the spheres is discretized to linear tetrahedral elements. A
Stokeslet source is considered at the center of the each element. Those sources are used
to calculate the particular solution of the streaming equations. The complementary
solution is also formulated as two series expansions. By imposing the boundary condi-
tions, the unknown coefficients in those series expansions are obtained. The calculated
second order velocity and pressure are substituted into the force integral to get the
total force acting on each sphere. For the case of multiple spheres, the radiation force
is calculated separately by using far-field series expansion. Finally, the interparticle
force is calculated as the difference between the total and radiation forces.
Chapter 4
Single sphere/spheroid in an ideal fluid
In this chapter, the radiation force is calculated for a single sphere using finite
element method and the proposed numerical scheme based on mulipole expansion, as
explained in algorithm 3.1. By comparing the results from both numerical schemes, the
computational efficiency of multipole series expansion will be explained. In addition,
the limitations of the proposed numerical scheme are studied.
4.1 Finite Element Method
Finite Element has been used for numerically solving acoustic problems especially the
scattering from objects [104]. Almost all the commercial packages such as ABAQUS
and ANSYS have acoustic elements for solving acoustic problems both in time and
frequency domain. For our study, we first use ABAQUS to solve the scattered waves
from a single rigid sphere, and consequently integrate the radiation pressure on the
surface to obtain the radiation force.
Theoretically, an infinite domain is required for calculating the radiation force.
Since discretization in finite element is performed for the entire volume, solving for
acoustic scattering wave using finite element become computationally inefficient. To
overcome this issue, a finite computation domain is considered for our simulations, as
shown in Figure 4.1.
The finite element calculation consists of two steps. First, the acoustic pressure field
is obtained in ABAQUS-6.10, using direct dynamic solver and quadratic tetrahedral
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Figure 4.1: Sectional view of the fluid domain used for simulating the acoustic
scattering in ABAQUS using finite element.
acoustic element. The object is considered stationary. For different locations, sizes and
angles of incidence of the object, the CAD models are automatically built by a Python
script. Since ABAQUS has no boundary integrator module, the acoustic pressure and
velocities were extracted and written in output files. In the second step, the output
files as well as the standard ABAQUS input file, which contains the elemental data,
were passed to MATLAB. The surface of the sphere is regenerated using the data
of the surface elements in MATLAB. The radiation pressure is integrated over the
surface to obtain the acoustic radiation force.
4.1.1 A single sphere
Calculating the radiation force using finite element is investigated for different sizes
and positions of a single sphere. First, it is required to verify the numerical scheme
developed based on the finite element mode with the existing solutions for rigid sphere.
In Figure 4.2, the finite element results are compared to the King’s results, obtained
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Figure 4.2: Acoustic radiation force acting on a single sphere in various positions
along the wave direction for (a) ka = 0.0314, (b) 0.0628, (c) 0.314 and (d) 0.628. The
finite element results are shown with markers.
from equation (2.21), for four different sizes of the sphere. The two sets of results
matched well for small spheres ka = 0.0314 and 0.0628 << 1, as shown in panels
4.2a and 4.2b. For larger spheres, panels 4.2c and 4.2d, it is seen that the difference
between the results of finite element and the King’s formula is considerable. This is
expected since the King’s formula is only valid for small spheres with their size at the
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Rayleigh limit ka << 1. Therefore, the finite element results are more accurate for
larger spheres. The finite element results have been obtained by using different number
of nodes on the surface of the sphere. It is observed that the results converges as the
number of nodes increases. From the mesh convergence, it is also concluded that the
optimal number of nodes is approximately 3, 000 regardless of the sphere size. This
number of surface nodes can be obtained by using 80, 000 to 150, 000 volume elements,
depending on the size of the sphere. It can be inferred that, for the simple case of a
single sphere, using finite element method is computationally inefficient. However, the
finite element method can be applied to objects regardless of their shapes and sizes.
4.1.2 A single spheroid
The finite element method is also used for calculating the acoustic radiation force acting
on spheroidal objects. In Figure 4.3, a spheroidal particle and different geometrical
parameters are schematically shown. When b is smaller than a, the object is an oblate







Figure 4.3: A semi spheroid with the local coordinate system located at its center.
Vector n is the unit normal to the circular cross section. The incident angle α is
between n and the z-axis.
For spheroids in axisymmetric configuration (α = 0◦), Marston has been proposed
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a formula, expressed as follow












where Yst is the dimensionless acoustic contrast factor and  is the aspect ratio defined
as a/b. In figure 4.4, the finite element results for spheroids are compared to those



















Figure 4.4: Acoustic radiation force acting on an oblate spheroid in various positions
along the wave direction for three different aspect ratios [1, 2].
obtained from Marston’s equation (4.1). The results are obtained for an oblate spheroid
with three different aspect ratios and angle of incidence, α = 0◦. It is noted that the
spheroid becomes a sphere for  = 1. The finite element results shown by markers
overlap with those obtained from Marston’s formula, shown by lines, for all the aspect
ratios. It is also observed that spheroids with larger aspect ratios are subjected to
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larger radiation forces. Moreover, changing the aspect ratio of the object have no
effect on the direction of the radiation force.












































Figure 4.5: Acoustic radiation force acting on (a) an oblate spheroid and (b) prolate
spheroid in various positions along the wave direction and different angles of incidence
[1, 2].
Figure 4.5a shows the acoustic radiation force acting on the oblate spheroid with
aspect ratio of  = 2 for various angles of incidence α. It is noted that α = 0◦ refers to
the axisymmetric configuration the spheroid where the finite element results match
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with the analytical results obtained from Marston’s equation (4.1). It is observed that
the radiation force decreases as α increases to 90◦. In Figure 4.5b, the radiation forces
calculated for a prolate spheroid with  = 0.5 are shown for various incident angles.
The prolate experiences larger radiation force as it rotates away from the axisymmetric
configuration, α = 0◦.
The results obtained for the two cases of single sphere and spheroid indicates
applicability of the finite element method. However, it requires a lot of computational
efforts to solve these simple cases. For example, calculation of the force using finite
element a single sphere requires 28 minutes (1680 seconds) for more than 5000 nodes
on the surface of the sphere, using a Desktop PC with a dual-core CPU running at
3.16 MHz and 4 GB of RAM. In addition, finite element is not applicable for the cases
of multiple spheres especially when two scatterers are in contact with each other as
the point of contact is treated as a singularity. The other general-purpose numerical
scheme which can be used for radiation force calculation is the boundary element
method. This method also have the same problem of high computation costs [62].
To speed up the calculation of the radiation force for different cases while the accu-
racy is maintained, we investigate the multipole series expansion which is considered
as Eigen solution of the Helmholtz and Laplace equations. The purpose is to utilize
the multipole series expansion and develop a semi-analytical method for numerical
calculation of the radiation force.
4.2 Multipole Series Expansion
In this section, the proposed numerical scheme, as explained in algorithm 3.1, is used
for the cases of a single sphere and spheroid to verify and investigate its performance.









































Figure 4.6: Convergence test of the multipole series expansion for (a) a 10-micron
sphere and (b) a 100-micron sphere. The horizental dotted line is the analytical results
obtained from King’s formula (2.21) [2].
4.2.1 A single sphere
As a series solution, it is required to study the convergence of the results obtained
from the multipole series expansion. Figure 4.6 shows the radiation force acting on
two sizes of rigid spheres. The results converge rapidly for both small (ka = 0.0628)
and large (ka = 0.628) spheres. It can be observed that the first three terms, the
so-called monopole, dipole and quadrupole, are sufficient to obtain the converged value.
For the small sphere, ka = 0.0628 << 1, the King’s formula accurately approximates
the radiation force, as shown in Figure 4.6a, due to the negligible contribution of the
quadrupole [16]. The considerable difference between the multipole series expansion
and the King’s formula has been observed for the larger sphere, ka = 0.628 < 1, as
shown in Figure 4.6b. This issue is further discussed using the results shown in Figure
4.7. King showed that the radiation force is proportional to (ka)3 and (ka)6 for a
small sphere in a plane standing wave and traveling wave, respectively [16]. This
proportionality is not valid for spheres with their sizes comparable with the wavelength.
To investigate this matter, the dimensionless contrast factor has been plotted for
various sizes. We use the Hasegawa’s contrast factor Qst which is expressed in terms





































Figure 4.7: Hasegawa’s contrast factor calculated for various ka values for (a) plane
standing wave and (b) a plane traveling wave [2].





The gap between the results of King’s formula and the multipole series expansion
becomes noticeably large when ka > 0.4 and ka > 0.6 for the cases of standing
and traveling waves, respectively. For ka ≈ 1, the King’s formula overestimates the
force by two and three times for the standing and traveling waves, respectively. This
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observation confirms that the King’s formula is only valid for spheres with their size
in the Rayleigh limit.
It is concluded that the multipole series expansion is not only applicable to spherical
particles of any size, but also requires only three terms from the series to give accurate
results. This implies that the computation cost is tremendously lower than finite
element method. For instance, solving the case of a single sphere by using multipole
series expansion and finite element on the same machine takes 1 and 1680 seconds;
respectively.
4.2.2 A single spheroid
In this section, the performance of the proposed numerical sphere is investigated for































Figure 4.8: The pressure amplitude along the meridian of an oblate spheroid with
 = 2 calculated using multipole series expansion with different truncation orders M .
3.1.4, the spherical multipole series expansion only converges for spherical objects.
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In Figure 4.8, the pressure amplitude has been plotted along the meridian line for
an oblate spheroid in the axisymmetric configuration and located at d = λ/16. In
this configuration, the poles of the oblate spheroid, θ = 0 and 180◦, falls inside the
Brillouin sphere (the smallest sphere enclosing the particle). It is seen that the pressure
amplitude fluctuates near the poles. These amplitude of the fluctuations increases
as the truncation order of the multipole series M increases. This implies that the
solution of the pressure is divergent near the poles. On contrary, the pressure profile
gets convergent near the equator of the spheroid as it is located on the surface of
the Brillouin sphere. Hence, it is confirmed that the multipole series expansion is
limited to the spherical shapes. This implies that the proposed numerical scheme can
be used only for spherical particles. Nevertheless, sphere can be considered as a fair
approximation of micro particles and cells. In the next step, the radiation force acting
on more than one sphere is investigated using the proposed numerical scheme.
Chapter 5
Multiple spheres in an ideal fluid
Using the numerical scheme described in section 3.3.2, a series of numerical examples
are hereby presented on the study of interaction between two or more spheres in
a standing wave. The configuration for two spheres is shown in Figure 5.1. The
surface-to-surface and center-to-center distances between the two spheres are denoted
by L and D, respectively. θ is the angle between the wave direction and the line
connecting the centers of spheres. The distance between the midpoint of the center line
of the spheres and the pressure node is denoted by Z∗. The spheres are identical and
their radii is denoted by a. A reference radius of a∗ = λ/100 is used for the spheres
to ensure that they are small enough to meet the condition of ka << 1. In general,
the numerical calculations are performed using the full three-dimensional multipole
series expansion. For the special case of θ = 0, the configuration of the spheres is
axisymmetric.
Force quantities calculated are normalized by the force acting on the single sphere
at the same location in the standing wave, F ∗, which is calculated by the King’s
formula (2.21).
5.1 Convergence and validation
A finite number of terms are used in the multipole series expansion for numerical
studies. The relative difference caused by adding the successive term in the series
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Figure 5.1: Sectional view of a pair of identical spheres in a plane standing wave
with their center line inclined at θ angle with the wave direction [3].
calculation is denoted by  and calculated as
 =
|Fs(M)− Fs(M + 1)|
|Fs(M + 1)| × 100%, (5.1)
where Fs(M) and Fs(M + 1) are the secondary forces calculated for the truncation
order M and M + 1, respectively. It is noted that M is the truncation order. To
determine the number of terms required to achieve the desired accuracy,  < 1%, a
convergence of the results is conducted. The total radiation force is calculated for a
pair of spheres where θ = 0, shown in figure 5.1. Both spheres are identical with the
reference size, a∗.
In figure 5.2a, the convergence of the numerical calculation of the radiation force
is shown for various surface-to-surface distances , L, between the two spheres. The
radiation force is normalized by the force, F ∗, acting on a single sphere placed at the
same location in the channel. It can be seen that for all values of L/a∗, the results
converged rapidly. In the literature [34, 39, 84, 88], it is common to use only two terms
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Figure 5.2: (a) Force calculated by different number of terms in the series for different
values of surface-to-surface distance, L, between two spheres with the reference size of
a∗ = λ/100 and (b) Convergence of results for different sizes of spheres [3].
in the series expansion, monopole and dipoles, for force calculations. To get more
accurate results, Doinikov has used five terms to calculate the radiation force [48].
Table 5.1 shows the relative error calculated incrementally for various surface-to-
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Table 5.1:  calculated for three truncation orders M for various L/a∗ and sphere
size a = a∗ [3]
XXXXXXXXXXXXNo. of terms
L/a∗ 0 1 2 3 4 5
4 12.44 2.13 0.73 0.34 0.19 0.19
6 3.82 0.32 0.006 0.003 0.003 0.003
8 0.09 0.01 0.5×10−3 0.5×10−4 0.2×10−4 0.2×10−4
surface distances. Due to the larger radius of the spheres, which are three times larger
than those in Doinikov’s study, more terms of the series are required for achieving the
desired accuracy. For spheres of size a∗, it can be seen in Table 5.1 that, for all cases,
more than four terms of the series expansion are required to obtain convergent result.
Th number of the required terms increases to eight if the desired accuracy is set to
0.1%. When the spheres are in contact, the results are less accurate, with an error of
about 4% when six terms are used.
In Figure 5.2a, for large separation distance L > 3a, the results converges mono-
tonically and rapidly as the monopole and dipoles terms provide good approximation.
It is also observed that the calculated total radiation force converges to the F ∗ (force
acting on a single sphere in the same position in the channel) as the ratio Ftot/F ∗
tends to one. It implies that the spheres has no effect on each other when the distance
between them is large enough. For small separation L < 3a, it is observed that the
monopole and dipoles terms overestimate the radiation forces resulting in overshoot
in the force plot. These results are consistent with the observation that Bjerknes
formulae are only valid for intermediate and large distances [48], and they cannot
capture the force variation when the separation distance is small.
In Figure 5.2b, the convergence of the radiation force for various sizes of the spheres
is shown. For this study, the spheres are placed in contact with each other next to
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the pressure node such that L = 0 and Z∗ = 0. Again, the force is normalized by
the force on a single sphere, F ∗. For the smaller spheres, 3a∗, the overshoot in the
force calculated using two terms indicates that the monopole-dipole approximation
is insufficient to give accurate results due to the rapid variation in the pressure field
near the pressure node. It is found that, for sphere sizes of 5a∗ and 7a∗, at least
twelve terms of the series are required for achieving accuracy of better than 0.1%, as
shown in table 5.2. It implies that the number of terms should be chosen based on the
size of the spheres and the desired accuracy, which corroborates the results shown in
reference [1].
Table 5.2:  calculated for three truncation orders M for various sizes, a/a∗, [3].
XXXXXXXXXXXXNo. of terms
a/a∗ 3 5 7
4 108.05 197.67 63.94
8 7.75 8.66 2.62
12 0.16 0.18 0.05
20 0.01 0.01 0.003
5.2 Primary and secondary forces
Figure 5.3 shows the relative magnitude of different terms in equation (3.35) and their
variation with ka, for two different values of surface-to-surface distance, L/a. The
spheres are in an axisymmetric configuration where θ = 0◦ and Z∗ = 0, as shown
schematically in Figure 5.3a.
The primary force Fp and the force acting on single sphere F ∗ are shown in Figure
5.3a. For different sizes, the primary force Fp matches well with F ∗, calculated by
the King’s analytical formula (2.21). It implies that the primary force can still be
approximated by the King’s formula for the case of multiple spheres. It is observed
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Figure 5.3: Comparison between different terms in the expression for the force
decomposition, equation (3.35), [3].
that the approximation of the primary force with the King’s formula is valid for all
values of separation distance, L/a.
In Figure 5.3b, the secondary force Fs and the force due to the self-interaction of
scattered wave F (l)(l)ss are plotted for different sizes of spheres. The force quantities
have been normalized by the primary force Fp. For zero separation distance L/a = 0,
the secondary force Fs is one order of magnitude larger than the primary force Fp. It
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can be concluded that, for such small spheres near the pressure node, the secondary
force exceeds the primary force and it becomes the dominant component in the total
radiation force acting on each of the spheres. However, for the case of large separation
distance between the spheres, L/a = 7, the secondary force is one order of magnitude
smaller than the primary force. Therefore, the primary force determines the magnitude
of the total radiation force.
In Figure 5.3b, for both values of L/a, it is observed that although the term due to
the self-interaction of the scattered wave, F 11ss , increases with the size of the spheres, it
is still insignificant compared to the primary and secondary forces, being five orders of
magnitude smaller for the range of radius considered. By neglecting this term, the
acoustic radiation force acting on sphere l can be approximated with only the primary
and secondary forces as follow,




In this study, the main focus is on the rigid spheres as a limit case. According
to the previous studies on the single sphere [17–21], adding the compressibilty effect
will change the magnitude of the radiation force. For multiple spheres, the inclusion
of compressibility is expected to slightly change the magnitude of the primary and
secondary forces [48]. However, for a pair of spheres in contact, the interparticle force
will still be larger than the primary force.
5.3 Effects of position on the radiation force
Next, two reference spheres are considered in a non-axisymmetric configuration, θ = 90◦,
Figure 5.4. The primary and secondary radiation forces are calculated numerically for
different Z∗. In this configuration, the primary and secondary forces are along and
perpendicular to the wave direction, respectively. As concluded in section 5.2, the
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Figure 5.4: The change of the secondary force with the surface-to-surface distance [3].
primary force, Fp, can be approximated by the King’s formula (2.21) for various sizes
and separation distances. In table 5.3, it can be seen that the error of using the King’s
formula is consistently less than 5% for all values of Z∗. The largest error is for the
case where spheres are in contact.
Table 5.3: Percentage difference between the primary force and F ∗ [3].
L/a* Z* = λ / 24 Z* = 2λ / 24 Z* = 3λ / 24
0 4.40 4.40 4.40
1 0.94 0.94 0.94
2 0.27 0.27 0.27
3 0.04 0.04 0.04
4 0.06 0.06 0.06
5 0.11 0.11 0.11
In figure 5.4, the secondary force, normalized by the primary force, is plotted on
the logarithmic scale. The secondary force decreases considerably with increase in the
Chapter 5. Multiple spheres in an ideal fluid 81
separation distance, L/a∗. It also decreases as the spheres go further from the pressure
node. In the proximity of the pressure node, Z∗ = λ/24, the secondary force is one
order of magnitude larger than the primary force. At Z∗ = λ/8, where the primary
force is known to be a maximum, the secondary force is still larger than the primary
force for zero separation distance.
It can be concluded that calculation of the secondary (interparticle) forces is
necessary for the simulation of the manipulation of multiple particles in acoustofluidic
applications. However, the required time to observe the particle aggregation due to
interparticle forces varies from a few seconds to a few minutes [70]. Therefore, the
interparticle forces would be important in case where particles are suspended in a
stationary fluid and start forming aggregates. For continuous-flow applications, the
interparticle force is less significant as the particles may not remain in the acoustic
field for an extended time.
5.4 Effects of incident angle on the radiation force
Next, we consider the case of two spheres with size a∗ at the vicinity of the pressure









Figure 5.5: Schematic illustration of a pair of spheres in the vicinity of the pressure
node with the incident angle θ [3].
The primary and secondary forces acting on the spheres when the pair is inclined
at various angles, 0◦ < θ < 90◦, are shown in Figures 5.6a and 5.6b, respectively. The
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crosses represent the centers of the two spheres when they are in contact, L = 0. It
can be seen from Figure 5.6a that the primary radiation force always pushes the rigid
spheres to the pressure node. Its magnitude depends mainly on the distance between
the center of each sphere and the pressure node. Near the pressure node, the primary
force is very small and insignificant; in Figure 5.6a, the vectors are scaled up by 10 for
better illustration.












































Figure 5.6: (a) Primary and (b) secondary forces acting on a pair of spheres when
their center line is at different angles with the incident wave direction. The primary
force vectors have been scaled up by 10 for better illustration [3].
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Figure Figure 5.6b shows the secondary radiation force in the proximity of the
pressure node. For small spheres, the secondary force is almost one order of magnitude
larger than the primary force as the primary force becomes very small near the
pressure node. For a pair of rigid spheres, this force acts on both spheres with the same
magnitude but in opposite directions. It is noted that the secondary force is always
repulsive at zero incident angle, θ = 0. The secondary force changes to attraction
as θ goes to 90 degrees. From this variation of the secondary force with the angle
θ, it can be concluded that the rigid spheres tend to form a chain-like configuration
perpendicular to the incident wave. This is consistent with experimental observations
that particles tend to form a chain along the pressure nodal line [85]. The numerical
results for the primary and secondary forces show that the secondary force is the
dominant driving force for the chain formation near the pressure node.
The radial and tangential components of the total radiation force in the proximity
of the pressure node are shown in Figure 5.7. Again, the small crosses represent
the centers of both spheres when they are in contact. Comparison of radial and
tangential components shows that the secondary (interparticle) force is significant near
the pressure node. In Figure 5.7a, the radial component of the force changes from
repulsion at θ = 0◦ to attraction at θ = 90◦. At 90 degrees, the radial component of the
force is completely due to the secondary force. In the case of two spheres with reference
size of a∗, it is found that the radial component becomes zero at approximately 37
degrees which is consistent with the results in reference [85].
The tangential component of the force is zero for 0 and 90 incidence angles as
shown in Figure 5.7b. However, for angles between 0◦ and 90◦, the tangential force
pushes the spheres towards the pressure node, with the pair of spheres lining up with
the pressure node at θ = 90◦. It means that the stable orientation of a pair of rigid
spheres is perpendicular to the incident wave direction. The zero incidence angle is
the unstable orientation of the pair of spheres.
The above observations show that the secondary force plays a significant part in
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Figure 5.7: (a) Radial and (b) tangential components of the total forces acting on
a pair of spheres when their center line is at different angles with the incident wave
direction. Both figures have the same length scale [3].
the interaction of spheres near the pressure node. The commonly used formulae for
calculating the radiation force for a single sphere become deficient and cannot be used
to predict the behavior of the spheres, where their surface-to-surface distances become
very small.
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Figure 5.8: Radial force for different sizes of rigid spheres, separation distance and
inclination angle [3].
In Figure 5.8, the effects of the size of spheres on the radial component of the
radiation force, denoted by Fr, are shown for different angles θ and separation distances
L/a∗. For a/a∗ = 1 and θ = 0◦, the radial component of the force is negative, meaning
that spheres repel each other, for separation distances less than two times of the
sphere radius, L/a∗ < 2. For larger separation distances L/a∗ > 2, the radial force
become positive, causing attraction between spheres. Therefore, the radial equilibrium
distance, where the radial force is zero, is L/a∗ ≈ 2. For the same size and θ = 30◦,
the radial force again changes from repulsion to attraction and the radial equilibrium
distance is the same as before. For θ = 60◦ and 90◦, the radial force is always attraction
and there is no equilibrium distance between the spheres.
By increasing the size of the spheres to a/a∗ = 3, the radial equilibrium distance
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is observed only for θ = 0◦ and becomes smaller than the previous case. For other
angles θ, the radial force pushes the spheres until they come in contact with each other.
By increasing the size to a/a∗ = 5 and 7, the radial force always causes attraction
between the spheres; thus, the equilibrium distance is zero which means the spheres
are in contact.
It was shown that the radial equilibrium distance changes with the size of the
spheres and the inclination angle. For θ = 0◦ and θ = 90◦the radiation force acts only
in the radial direction, with the tangential component of the force being zero. The
radial force at θ = 0◦ can be attractive or repulsive, depending on the sphere size. It
was noted in the section 5.4 that the equilibrium at θ = 0◦ is unstable, whereas, at
θ = 90◦, the radial force is always attractive for all sizes, and the configuration of the
spheres is always stable.


























Figure 5.9: Primary and secondary forces acting on sphere 1 for different position of
sphere 1, xc, [3].
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In this case, three reference spheres close to the pressure node, Z∗ = λ/16, are
considered, as shown in Figure 5.9. The forces are calculated for sphere 1, while its
position changes vertically from the height of sphere 3, xc = 0, to the height of sphere
2, xc = L+ 2a∗. The horizontal distance between sphere 1 and the other spheres is
very small compared to the size of spheres, z12/a∗ = 0.08.
Figure 5.9 shows the primary and secondary forces, normalized by the force acting
on single sphere F ∗, for various vertical positions of sphere 1, xc. It can be seen that
the primary force changes insignificantly with the vertical position of sphere 1. The
reason is that the primary force is mainly a function of the distance between sphere 1
and the pressure nodal line, |Z∗ − z12|, which is constant in this case. Moreover, the
solid line shows insignificant difference between the primary force and the one, which
acts on a single sphere, F ∗. It can be concluded that, for small spheres, the primary
force can be approximated by the King’s formula [16], regardless of the number of
spheres.
By changing the position of sphere 1 vertically, the secondary force acting between
spheres 1 and 2, F 12s , increases as the two spheres get closer to each other. At the
same time, the secondary force acting between spheres 1 and 3, F 13s , decreases. For the
same surface-to-surface distances between sphere 1 and each of the other spheres, F 12s
and F 13s have the same magnitude. It is inferred that the secondary force is strongly
proportional to the relative distance between any two spheres. It can be seen that the
secondary force is more than one order of magnitude smaller for xc > 5a∗, and larger
for xc < a∗ than the primary force. Therefore, the secondary forces are the dominant
forces for small surface-to-surface distances and determine the relative positions of the
spheres.
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5.7 Computational aspects
In the presented numerical studies, the desired accuracy has been set to  < 1%,
where  is the relative difference caused by including the successive term in the series
calculation, equation (5.1). To achieve this accuracy, each additional sphere increases
the truncation order by 3. For instance, the truncation order is 6 and 9 for the cases
of two and three spheres of the reference size a∗, respectively. If the truncation order
is M and the number of spheres is N , the size of coefficients matrix would become
N(M + 1)2×N(M + 1)2 and the number of operations required would be of the order
of (N(M + 1)2)3, using Gauss elimination to solve the system of equations. Moreover,
each element in the matrix of coefficients consists of a surface integral. The surface
integration has been performed using spherical Gauss-Legendre quadrature method,
proposed by Atkinson [103]. The number of required integration points increases as
the truncation order increases. For two spheres, the computation time is less than
3 seconds, using a Desktop PC with dual-core Intel cpu running at 3.16 GHz and
4 GB of RAM. It increases to 34 seconds and 1 hour for the cases of three and ten
spheres, respectively. The numerical scheme has been implemented in the C language
and simulations were run on a single core.
The proposed numerical scheme allows the calculation of the primary and secondary
radiation forces for any number of spheres with different boundary conditions, sizes,
and positions in a micro channel. It uses less computation effort, compared to other
numerical methods such as finite element method, as the size of the matrix of coefficients
is only determined by the number of spheres and the truncation order. Moreover,
further improvements to the algorithm, such as fast-multipole methods, can reduce
the computation time significantly.
Chapter 6
Single sphere in a viscous fluid
In this chapter, the effect of viscosity on the total mean force and acoustic radiation force
is studied by implementing the proposed numerical algorithm 3.3. The assumptions
of neglecting the scalar source term in acoustic streaming equation and the finite
computational domain are investigated. Since an analytical solution has been proposed
by Doinikov [20, 21], the numerical results are compared with his solution to evaluate
the performance of the proposed algorithm. It is noted that the proposed algorithm
can be extended for the case of multiple spheres whereas the analytical solution is only
for a single sphere in an infinite domain. For numerical calculations in this chapter
and chapter 7, the water in standard room temperature and atmosphere pressure is
considered as the host fluid. The frequency of the standing wave is 1.5 MHz and its
wavelength is one millimeter. The pressure amplitude is set to 1 bar.
6.1 Scalar and volumetric source term
In this section, the scalar source term mv and the volumetric force fv are studied for
various sizes of a single sphere. The multipole series expansion is used for calculating
the first-order velocity and density, and subsequently mv and fv. Also, the streaming
pressure p2 and velocity v2 calculated by Multipole-Stokeslet method are investigated.
For the axisymmetric case of the single sphere, the cross section in x-z plane is
shown in Figure 6.1. The radius of the sphere is denoted by a. The distance between
the center of the sphere and the pressure nodal plane is denoted by d and rc is the
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Figure 6.1: A single sphere of size a with the cut-off radius rc
radius of the finite domain, used for numerical calculations. Beyond this radius, the
volumetric force, fv, is assumed to be zero. The global coordinate system is located at
pressure node and the incident wave direction is along its Z axis. A local coordinate
system is attached to the sphere. The radial and tangential coordinates are also
measured with respect to the local coordinate system. Section A-A shows the radial
line at θ = 45◦, starting from the surface of the sphere. It is later used for investigating
the changes of the source terms mv and fv with respect to the radial distance.
In Figures 6.2, 6.3 and 6.4, the real and imaginary parts of first-order pressure and
the spherical components of velocity are plotted for a 5-micron sphere. The results
are calculated for the first three terms (monopole, dipole, quadrupole) in the series
separately. These results are later used to obtain the source terms in the streaming
solutions.
Figures 6.5 and 6.6 illustrate the first-order scalar and vector potentials obtained
from the first three terms (n = 0, 1, 2) in the multipole series expansion. It should be
noted that the vector potential Ψ1 has no monopole term as the series starts from
n = 1.
In the literature, the monopole and dipole terms are usually used for calculation
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Figure 6.2: The radial component of the first-order velocity v1 calculated for the
first three terms i.e. n = 0, 1, 2. The real <(vr) and imaginary =(vr) parts are shown
in the left and right columns, respectively.
of the first-order variables for small spheres, ka << 1. It has been reported that
more terms in the series are required for large spheres in the case of ideal fluid [1–3].
Therefore, in this study, the first six terms in the multipole series are used to achieve
a very high accuracy (less than 10−6%) in the calculation of the first-order potentials
for all the cases.
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Figure 6.3: The tangential component of the first-order velocity v1 calculated for the
first three terms i.e. n = 0, 1, 2. The real <(vθ) and imaginary =(vθ) parts are shown
in the left and right columns, respectively.
In Figure 6.7, the scalar source term mv and radial and tangential components
of the volumetric force fv are shown for various radial distances, a < r < 20a, along
section A-A shown in Figure 6.1. The results are for the case of a 100-micron sphere,
located at L = λ
8
where the radiation force is maximum.
In panels 6.7(a), 6.7(d) and 6.7(g) (the left column), the global maximums of both
mv and fv occur near the surface of the sphere, ra ≈ 1. Both mv and fv have extremely
fast decay rates, as r increases. For r
a
≥ 4, the graphs in the left column are magnified
to give the middle column, showing the decay trend of the variables, panels 6.7(b),
6.7(e) and 6.7(h). It can be seen that both mv and fv decay asymptotically while their
values fluctuate.
Due to the rapid decay by several order of magnitude, plotting the absolute values
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Figure 6.4: The first-order pressure p1 calculated for the first three terms i.e. n =
0, 1, 2. The real <(p1) and imaginary =(p1) parts are shown in the left and right
columns, respectively.
of mv and fv in the logarithmic scale gives a better view of their changes, panels 6.7(c),
6.7(f) and 6.7(i) (the right column). The sharp local minimums, observed in those
panels, represent the locations where these variables become zero, and where a change
in their signs occurs.
Generally, the source terms mv and fv depend on the size of the sphere. In Figure
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Figure 6.5: The amplitude of the first-order scalar velocity potential Φ1 calculated
for the first three terms i.e. n = 0, 1, 2. The real <(Φ1) and imaginary =(Φ1) parts
are shown in the left and right columns, respectively.
6.8, the absolute values of both mv and fv are plotted in logarithmic scale for three
different sizes, along section A-A of Figure 6.1. As mentioned before, the sharp
minimums that appeared in the graphs are actually discontinuities in logarithmic scale
due to the zeros of the variables, implying a change in the sign of those variables. The
x axis gives the distance from the center of the sphere, so each graph starts from a
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Figure 6.6: The amplitude of the non-zero component of the first-order vector velocity
potential, Ψ1, calculated for the first three terms i.e. n = 1, 2. The real <(Ψ1) and
imaginary =(Ψ1) parts are shown in the left and right columns, respectively.
different point due to different sphere sizes.
In panels 6.8a, 6.8b and 6.8c, mv and the components of fv are maximum near the
surface of the sphere. For 1 and 10-micron spheres, the maximum values of mv and the
components of fv are about one order of magnitude larger than those for 100-micron
sphere. They exponentially decay as r increases while their values oscillates. The
decay trend and oscillations in the values are the same for all the sphere sizes. It can
be seen that the decay rate is higher for smaller spheres. The oscillations in the graphs
are related to the intrinsic oscillatory behavior of the spherical Hankel functions, used
in the multipole series expansion of the first-order velocity potentials. These source
terms mv and fv increases with the size of the sphere.
In Figure 6.9, the distribution of the volumetric force fv is shown for three different




















































































































































































Figure 6.7: The scalar source term, mv, and the components of the volumetric force,
fv, obtained for a 100-micron sphere located at L = λ/8. The horizontal axis shows
different radial distances along θ = 45◦.
sizes of the sphere i.e. 5, 10 and 50 microns, in the cross section with the local x-z
plane. The sphere is again located at L = λ
8
. The figures are all scaled by the size of
the sphere a, i.e. plotted on x/a and z/a axes. The z and x components of fv have
been plotted in panels 6.9a, 6.9b and 6.9c(the first row) and 6.9d, 6.9e and 6.9f(the
second row), respectively. Panels 6.9g, 6.9h and 6.9i give the vector plots of fv for 5,
10 and 50-micron spheres, respectively.
The 5-micron sphere experiences relatively large volumetric force in both z and x
directions. As the size of the sphere increases, the magnitude of the volumetric force fv
near the surface of the sphere decreases considerably. The z and x components of the
vector field appear almost symmetric with respect to the x and z axes for the 5 and
10-micron spheres. For the largest sphere, the components of fv are much stronger on







































































Figure 6.8: (a)The absolute values of the scalar source terms mv (b) and the radial
and(c) tangential components of the volumetric force fv for three sizes of the sphere,
1, 10 and 100 microns, along section A-A shown in Figure 1.1
the right side of the sphere compared to the left side. This deviation from a symmetric
distribution will eventually lead to large radiation forces for larger spheres.
Since the multipole expansion series is written in terms of the local spherical
coordinate i.e. r and θ, the radial and tangential components of fv are also plotted for
the same sizes, in Figure 6.10. The radial component of the volumetric force, fv · ur,
is positive when it points outward with respect to the surface of the sphere, panels
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Figure 6.9: The x and z components of fv, shown using the local coordinate system
in Figure 6.1, for ka = 0.03, 0.06 and 0.3. The values on the color bars has the unit of
[µN/mm3].
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Figure 6.10: The r and θ components of fv, shown using the local spherical coordinate
system in Figure 6.1, for ka = 0.03, 0.06 and 0.3. The values on the color bars has the
unit of [µN/mm3] [4].
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6.10a, 6.10b and 6.10c. The tangential volumetric force, fv · uθ, is positive in the
anti-clockwise direction about the positive z axis.
In Figure 6.10, both components of fv are maximum near the sphere surface for all
sizes. It can be seen that the volumetric force has a quadrupole distribution. This
implies that other terms in the multipole series are less significant compared to the
quadrupole term, n = 2. In the literature, the monopole and dipole terms are usually
used for calculation of the radiation force. However, the quadrupole term is not
negligible for near-field radiation force calculation, as it determines the distribution of
fv. Moreover, that distribution of fv causes the fluid to be pushed towards the sphere
near the equator where the x-axis lies. The forces decreases towards the poles located
on the z-axis (θ = 0◦ and 90◦).
For a 5-micron sphere located at d = λ/8, the streaming (second-order) pressure
and velocity has been calculated for the area around the sphere by using the Multipole-
Stokeslet method as shown in Figure 6.11. It can be seen that both the streaming
pressure and velocity fields are dominated by the quadrupole distribution. The dipole
field has also a significant contribution as it makes the pressure and velocity fields
slightly asymmetric. It is concluded that the sphere experiences a net force due to the
asymmetry of the velocity field (streaming flow). In the literature, this asymmetry
of the streaming field is called the dipole streaming [30]. It is also observed that the
small vortices in the vicinity of the sphere surface counterbalances those of Rayleigh
streaming outside that region.
6.2 Acoustic radiation force
In this section, the acoustic radiation force is calculated numerically using the pro-
posed Multipole-Stokeslet Method (MSM), as explained in algorithm 3.3. Doinikov’s
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Figure 6.11: (a) The streaming pressure and (b) the radial and (c) tangential
components of streaming velocity v2 for a 5-micron sphere, ka = 0.03. The units of
streaming pressure and velocity are [Pa] and [mm/s], respectively. (d) The streaming
velocity vectors have also been plotted for illustrating the streaming flow around the
sphere.
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where An is the coefficient of the multipole series of the incident velocity potential,
Dn are dependent of the semi-infinite integrals of the source terms along the radial
direction. The expressions for Dn can be found in reference [20,21]. Since calculation
of higher order terms in the series is not possible analytically, Doinikov proposed a
formula using just the first two terms in the series, n = 0 and 1 in equation (6.1).
The two leading terms in equation (6.1) consists of A0A∗1, A1A∗2. It means that the
monopole, dipole and the quadrupole coefficients (n = 0, 1 and 2) from the first-order











ρ0pi|Φ0|2 (ka)3 sin 2kd, (6.2)
Doinikov’s series solution is the most rigorous analytical solution for calculating the
radiation force on a single sphere in a viscous fluid. Moreover, both Doninikov’s series
solution and formula were derived from integrating the second-order stresses on the
surface of the sphere (near-field approach).
In developing the Multipole-Stokeslet method, it is assumed that mv is negligible
and the streaming equations are converted to Stokes flow equations. To evaluate
this assumption, the effect of neglecting mv has been studied by using the analytical
Doinikov’s series solution. In Figure 6.12a, the dotted line and the markers show the
results with and without considering mv in the force calculation, respectively. The
relative difference between those two sets of results is plotted to clearly show the
effect of neglecting mv, Figure 6.12b. The reference value, denoted by F ∗, is the force
calculated from Doinikov’s series solution without neglecting mv .
The maximum error of neglecting mv, shown in Figure 6.12, is 1% for the smallest



































Effect of scalar source term mv
(b)
Figure 6.12: (a) Calculation of the radiation force using Doinikov’s series solution
with and without mv (b) and the relative difference between F ∗, with mv, and F ,
without mv, for various sphere sizes [4].
size of one micron, which is twice the viscous penetration depth δ for water in room
temperature and 1.5 MHz frequency. This error decreases considerably as the size
becomes larger. It can be inferred that neglecting mv is a reasonable assumption as
its contribution to the radiation force is less than 1%.
Generally, the series expansion of both the first and second-order potentials need
to be tested for convergence. However, for a single sphere, Doinikov proved that only
the dipole term of the second-order potentials contributes in the force calculation [20].
Therefore, only the series expansion of the first-order potentials are investigated for
convergence. The convergence test has been done for a 5-micron sphere, ka = 0.03 <<
1.
In Figure 6.13, the acoustic radiation force has been calculated by three different
methods: Multipole-Stokeslet method, Doinikov’s formula and series. The horizontal
dotted line in Figure 6.13a is the force calculated from Doinikov’s formula for a 5-micron
sphere. The dashed line and the square markers show the results of Doinikov’s series
solution and the Multipole-Stokeslet method for different number of terms included in
the series. The results obtained from Multipole-Stokeslet method match closely with












































Figure 6.13: (a) The radiation force normalized by the reference value F ∗ and (b)
the relative error of using the Multipole-Stokeslet method and Doinikov’s formula for
different number of terms included in the series expansion of the first-order velocity
potentials [4].
those from Doinikov’s series solution for any number of terms used, and they converge
to the reference value rapidly. As expected, the results obtained from Doinikov’s
formula and series solution match well when three terms are included in the series,
since Doinikov’s formula is derived from equation(6.1) using the first three terms of
the first-order velocity potentials.
To show the difference between these methods when more than three terms are used,
the relative errors are calculated by comparing with a reference value F ∗, obtained
from Doinikov’s series equation (6.1), using the first twenty terms in the series. Figure
6.13b shows that the error decreases rapidly when more terms in the series are used,
for Multipole-Stokeslet method. An error of 10−7% can be achieved for n = 6, which
is good enough for machine accuracy in numerical computation. It can be seen that
Doinikov’s formula gives an error of about 1% while the Multipole-Stokeslet method
with 3 terms gives lesser error of 0.01%. Since the volumetric force has a quadrupole
distribution, Figure 6.10, it can be justified that using terms up to quadrupole (three
terms) in the series solution of the first-order potentials enables us to approximate the

















































Figure 6.14: The radiation force (a) and the relative error with respect to the
reference value F ∗, obtained from Doinikov’s series, (b) against various cut-off radius
rc, for three different sizes of the sphere
field, and consequently, the radiation force accurately.
In the proposed Multipole-Stokeslet method (MSM), a finite computational domain
is used instead of the theoretical infinite fluid domain. Generally, the accuracy of the
calculated force depends on the size of the computational domain rc. In Figure 6.14,
the radiation force has been calculated for various rc.
In Figure 6.14a, the horizontal lines show the forces calculated by Doinikov’s series
solution F ∗, which do not uses cut-off radius. The markers show the Multipole-Stokeslet
results and they don’t change drastically with the cut-off radius rc. Therefore, the the
results of Multipole-Stokeslet method match well with Doinikov’s series solutions F ∗,
for all the sizes.
Since the difference between the results of Multipole-Stokeslet method and F ∗ is
not clearly visible, the relative error of using Multipole-Stokeslet method is plotted
for different rc, in Figure 6.14b. For all sphere sizes, increasing the cut-off radius rc
leads to lesser errors which implies the convergence of the Multipole-Stokeslet method.
However, the rate of convergence is slow as the error reduces only about one order of
magnitude for the range of rc from 5a to 30a. It is concluded that the assumption
of a finite computational domain is reasonable as the volumetric force fv becomes
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negligible at far distances from the sphere. Generally, a smaller computational domain
is favorable because of lesser computations. In this work, a cut-off radius rc of 20a
was used to achieve the desired accuracy of less than 1%, for radius of spheres from 1
to 100 microns or ka = 0.006 to 0.6.
In Figure 6.15, the radiation force obtained using the Multipole-Stokeslet method
is compared with other methods for various sphere sizes. Besides Doinikov’s series
and formula and Far field series, two additional sets of results obtained from King’s
formula and series are also included. It is noted that King’s results are only valid for
ideal fluid. The King’s series solution and formula are rewritten here,









ρ0pi|Φ0|2 (ka)3 sin 2kd. (6.4)
Figure 6.15a show the results on a linear scale. It is observed that the results of
Doinikov’s and King’s formulae deviate considerably from other methods for large
values of ka. It can be also seen that the results of Multipole-Stokeslet method match
well with Doinikov’s and far field series solutions for all the sphere sizes.
Due to the small difference between the results in Figure 6.15a, the relative error of
each method is calculated and shown in Figure 6.15b by comparing with results from
Doinikov’s series with 20 terms, F ∗. The King’s formula is inaccurate for small spheres,
whereas, Doinikov’s formula provides fairly accurate approximation for small spheres.
For very small spheres ka < 0.1, the Doinikov’s formula and Multipole-Stokeslet
method show the similar error trends as their relative differences with respect to
the reference value F ∗ decreases. Doinikov’s formula yields more accurate results for
ka ≈ 0.1, but becomes considerably inaccurate as the size increases, ka > 0.2. In
Figure 6.15b, the relative error of using Multipole-Stokeslet method varies around 1%




















































Figure 6.15: (a) The radiation force calculated by different methods and (b) the
relative difference between the results of other methods and those from Doinikov’s
series solution
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for all the values of ka. The most important source of this 1% error would be the
number of terms included in the series, the use of finite computational domain and the
round-off error in computations. In the present calculations, six terms in the series
and rc/a = 20 are used. It can be concluded that for small spheres both Donikov’s
formula and Multipole-Stokeslet method gives accurate results. For larger sizes, the
Multipole-Stokeslet method gives more accurate results than the Doinikov’s formula.
Compared to others, far field series is the most accurate method for calculating
the acoustic radiation force as its relative error with respect to the Doinikov’s series
solution is the smallest for the whole range of the size. Although far field series is
obtained by integration of the tractions at infinity, it provides a more convenient way
to calculate the radiation force accurately, compared to Doinikov’s series solution
which requires evaluation of the semi-infinite integrals.
The dotted lines, with and without markers, in Figure 6.15b shows the relative
errors of using King’s formula and series solution. It can be seen that both King’s
formula and series solution are inaccurate for small spheres ka < 0.2. It implies that
the viscosity effect is significant when the spheres are small, as mentioned by Settnes
and Bruus [19]. The King’s formula also converges to the Doinikov’s formula for
ka > 0.3 which implies that the viscosity effect become negligible for larger spheres.
However, both formulae are inaccurate for large spheres. It can be seen that the error
of using King’s series decreases as the size increases, meaning that for large spheres,
the inviscid theory is adequate for calculating the radiation force.
Chapter 7
Multiple spheres in a viscous fluid
In this section, we study the case of two identical rigid spheres located along the wave
direction (axisymmetric configuration) and equally spaced from the pressure node,
shown in Figure 7.1. A local spherical coordinate system is attached to each of them.
The global coordinate system is located at the pressure node. The standing wave is in
the z direction. The surface-to-surface distance between the two spheres are denoted
by L. The size of the spheres is denoted by a. Due to the symmetric configuration,
the radiation forces acting on the spheres are equal and act in the opposite directions.
For numerical calculations, we use the same parameters mentioned in chapter 6. For
those parameters, the viscous penetration depth δ is 0.4 microns.






















Figure 7.1: Configuration of a pair of identical spheres equally spaced from the
pressure node and positioned along the incident wave direction(the axisymmetric
configuration)
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7.1 Convergence check
Since the proposed Multipole-Stokeslet method involves series expansion, a convergence
test is required for both the first and second order variables. The multipole series
expansion of the first order variables has been shown to be convergent and the number
of terms included in the series calculation depends on the size of the sphere [4]. We
hereby study the convergence of the second-order potentials for a pair of spheres.
For this purpose, we use  which is the relative difference caused by including the
successive term in the series calculation. It is rewritten here,
 =
|F (M + 1)− F (M)|
|F (M + 1)| × 100, (7.1)
where F (M) is the total radiation force obtained from the first M terms included in
the series expansion of the second-order potentials. In fact,  shows the changes of the
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Figure 7.2: Convergence test of the multipole series expansion of the second-order
potentials for various surface-to-surface distances between a pair of 1-micron spheres
The relative difference  calculated for various distances between a pair of 1-micron
spheres has been shown in Figure 7.2. The desired accuracy of the series calculation is
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set to  = 0.1%, shown as a horizontal line. For this set of results, the first eight terms
were included in the first-order series computation. When L/a = 0, the fluctuation of
the error index implies that the results are not convergent. Therefore, the proposed
numerical algorithm cannot be applied to the case of two spheres in contact with each
other. For other values of L/a , the convergence is achieved as the error index decreases
monotonically which means that adding more terms has only insignificant effects on
the accuracy of the series calculation. Depending on the desired accuracy, the number
of terms can be determined for different surface-to-surface distances. For example,
for L/a = 3, five terms are required in the series calculation to achieve  < 0.1%. By
increasing the distance between the spheres, the number of terms required in the series
becomes smaller due to the weaker interaction between them.
7.2 Primary radiation force
As described in section 3.3.4, the primary radiation force has been calculated using the
far-field series expansion for the two cases of a single sphere and a pair of spheres, as
shown in Figure 7.3a. In Figure 7.3b, markers show the results for a pair of identical
spheres with three different sizes for a wide range of surface-to-surface distance L.
Besides, the lines show the results for the case of a single sphere with the same distance
from the pressure node. The differences between the primary forces calculated for the
single and double-sphere cases are very small and not visible for all sizes. It implies
that the presence of the additional sphere in the fluid domain has insignificant effects
on the primary radiation force acting on the target sphere. The relative difference
between the two cases of one and two spheres has been calculated by considering the
force calculated for the double-sphere case Fp to be the reference value. In Figure
7.3c, F ∗p is the force acting on the single sphere. It is shown that the presence of the
second sphere changes the primary radiation force by less than 1%. As L increases, the
influence of the second sphere decreases; thus, it can be neglected. For larger spheres,
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Figure 7.3: The primary radiation force acting on sphere 1 for (b) the two cases of one
and two spheres and (c) the percentage difference between the two cases considering
the case of two spheres as the reference. The two cases are schematically shown in
panel (a).
the change in the primary force is larger; however, it is still less than 1%. It can be
concluded that, for the case of two spheres, one can estimate the primary radiation
force acting on each sphere by neglecting the presence of the other one.
7.3 Total radiation force
In Figure 7.4a, the magnitude of the total radiation force obtained from the proposed
numerical algorithm has been plotted in the logarithmic scale for three different sizes.
It can be seen that the total radiation force increases as the spheres become larger. The
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Figure 7.4: (a)the magnitude of the total radiation force calculated by the proposed
numerical scheme and (b) shown schematically for the case of two spheres
discontinuities appeared in the results are where the total radiation force is zero; hence,
they cannot be shown on the logarithmic scale. Each discontinuity also represents a
change in the direction of the total force i.e. from repulsion to attraction. The location
of the zero total force is shifted away from the pressure node for larger spheres. Figure
7.4b shows the changes of the total force schematically. If the two spheres fall in the
region between the pressure node and the location of the zero total force, they tend to
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move away from each other (repulsion) under the total radiation force. If they are
placed out of that region, they tend to move towards each other(attraction). In the
vicinity of the pressure node where L/δ ≤ 1, the repulsive total radiation forces are




















viscous fluid (1 micron) ideal fluid (1 micron)
viscous fluid (5 microns) ideal fluid (5 microns)
viscous fluid (10 microns) ideal fluid (10 microns)
Figure 7.5: total radiation force calculated for both cases of ideal and viscous fluids
In Figure 7.5, the total radiation force has been calculated for a pair of spheres in
both ideal [3] and viscous fluid. As mentioned before, the discontinuities in the graphs
are where the total radiation forces become zero and its direction is reversed (from
repulsion to attraction). For small distances between the spheres, the repulsion forces
calculated for the case of viscous and ideal fluid cases is several order of magnitudes
lower than the viscous cases. It is concluded that the effect of the viscosity on the
total radiation force is greater when the spheres are located close to each other. For
all the three sizes of the spheres, the locations of the zero force for the viscous fluid
are at further distances compared to the case of an ideal fluid. This is due to the
stronger interaction between the two spheres in the viscous fluid. For large distances,
the difference between the results obtained for both the ideal and viscous cases tends
to zero for 5 and 10-micron spheres. For the one-micron spheres placed far away from
each other, the visible gap between the viscous and inviscid results implies that the
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viscosity and streaming have larger effects on smaller spheres.
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Figure 7.6: (a) comparing the total force against the primary force and (b) the
schematic illustration of the total, primary and interparticle forces
In Figure 7.6, the total and primary radiation forces are shown over a wide range
of L for the three sizes of the spheres. For small L, the two spheres would be in the
vicinity of the pressure node where the primary force is close to zero. However, the
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total force is observed to be several order of magnitudes larger than the primary force.
It can be inferred that the interparticle force between the two spheres is dominant when
the spheres are close to each other. For large distances between the two spheres, the
total radiation force converges to the primary force for all the three sizes of the spheres.
It is expected since the interaction between the two spheres becomes considerably
weak for large distances L. The total radiation force becomes zero where the primary
and the secondary (interparticle) forces balance each other. The interparticle radiation
force is hereby estimated by subtracting the primary force from the total radiation
force,
Fs = Ftot − Fp. (7.2)
It is noted that the estimated interparticle forces are repulsive for the two spheres,
regardless of the distance between them. The total, primary and interparticle forces
are schematically illustrated in Figure 7.6b.
In Figure 7.7, the interaction between the two spheres has been approximated from
equation (7.2). Besides, two additional lines have been plotted to illustrate the viscosity
and streaming effects. The line with circle markers shows the interaction between the
two spheres in an ideal fluid, calculated by the method proposed in reference [3]. It is
assumed that the ideal fluid has the same density and compressibility as the viscous
fluid. The line with square markers shows the results obtained for a pair of spheres in
a viscous fluid without including the streaming effect. For this case, the second-order






which is used for an ideal fluid. It means that the viscosity has been only accounted for
the solution of the first-order variables. The results shown by the solid line include the
viscosity and streaming effects; thus, they are the best estimation of the interaction
between the two spheres in a viscous fluid.





























































Figure 7.7: Investigating the viscosity and acoustic streaming effects on the inter-
particle forces for (a) 1-micron, (b) 5-micron and (c) 10-micron spheres
For the 1-micron sphere, the clearly visible gap between the dotted and dashed
lines implies that the viscosity of the fluid considerably increases the interparticle
forces between the two spheres for various L. But, the forces become much larger
(about four orders of magnitude) by including the streaming effect, as shown by the
solid line in panel 7.7a. That gap becomes smaller for larger spheres, as shown in
panels 7.7b and 7.7c. It can be inferred that including the viscosity to the solution of
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the first-order variables has more significant effects on the interaction between small
spheres. It is also observed that the including the streaming increases the interparticle
forces by three orders of magnitude for large spheres. It implies that the interaction
between the spheres is dominated by the acoustic streaming induced by their scattered



















































Figure 7.8: (a) the interparticle forces for different viscosity values and (b) the
relative difference between them
In Figure 7.8, the interparticle force acting on a pair of 5-micron spheres has been
estimated for three different viscosity values. The forces have been calculated for
0.2 < L/a < 10, where the interaction between the spheres is strong. The interparticle
forces do not change drastically with the viscosity, as shown in Figure 7.8a. The force
calculated for µ∗ = 8.89 × 10−4 [g/(s.mm)] is considered as a reference value and
denoted by F (µ∗). In Figure 7.8b, the results normalized by F (µ∗) have been plotted
to show better the differences between the four sets of the results. For L/a > 0.4, it is
observed that the interparticle forces becomes weaker by approximately 5%, 10% and
15% for viscosity values of µ∗/2, µ∗/5 and µ∗/500, respectively. For L/a = 0.2, the




As mentioned in section 1.2, the main objective of this research is to develop a numerical
scheme for calculating the acoustic radiation and interparticle forces. This numerical
scheme which is called Multipole-Stokeslet method is a generic tool for calculating
the forces for any number of spheres in either a viscous or ideal fluid. Compared to
finite element or boundary element methods, the proposed numerical scheme requires
less computational effort as the number of unknowns, which are usually the multipole
coefficients of the scattered waves, are considerably smaller. Since the eigen functions
of Helmholtz, Laplace and Stokes flow equations are used, this numerical method is
very close to the analytical solutions provided in the literature but not restricted by
the size and number of spheres. It is easy to implement and can be extended further
to include the compressibility of the spheres in the calculation of the radiation force.
In the literature, definitions of total mean, primary radiation and interparticle
forces are unclear as they have been used interchangeably many times. By numerical
analysis of these forces, we have clarified their definitions and explained how they
act on a single or multiple particles. In addition, the total mean force have been
calculated for the case of multiple spheres in a viscous fluid and consequently related
to the acoustic radiation force. The purpose of elaborating on the definitions of these
forces is to give the reader a better view of the system of forces acting on particles in
a sound field.
In the numerical study of the case of a single sphere in an ideal fluid, it was
confirmed that the size of the sphere greatly influences the radiation force. Compared
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to the monopole-dipole approximation of the force for small spheres, higher order
multipoles are required to improve the accuracy of the calculation of the force.
A rigorous formulation has been reported for calculating the interparticle force
between spheres in an ideal fluid. Compared to the previous study [48], the interparticle
force was calculated separately for spheres of any size and position in the sound field. It
is explained that the primary and secondary forces were originated from the interaction
between the scattered wave from the target sphere, and the incident and scattered
wave from other spheres, respectively. For a pair of spheres, the interparticle forces
were equal and in the opposite direction. It was also described how the interparticle
force changes from repulsion to attraction for different orientations of the spheres with
respect to the wave direction.
In Doinikov’s series solution for a single sphere in a viscous fluid [20], the scalar
source term and volumetric force are obtained from the multipole series expansion
of the first order variables. For the streaming solution, those source terms are also
expanded as a multipole series which results in the semi-infinite radial integrals of the
source terms. Doinikov approximated the semi-infinite integrals only for the monopole
and dipole terms and derived his formula from the radiation force series expansion.
Since these semi-infinite integrals have been derived for a single sphere, Doinikov’s
series solution cannot be extended to the case of multiple spheres. In chapter 6,
the semi-infinite integrals of higher order terms have been evaluated numerically to
compute the force with higher accuracy for different sizes. The required amount of
time to evaluate the force series solution is about five to 10 minutes depending on the
size of the sphere, using a Desktop PC with a dual-core Intel CPU running at 3.16
MHz and 4 GB of RAM.
The proposed Multipole-Stokeslet method is a numerical extension of the Doinikov’s
series solution. It is computationally more expensive than Doinikov’s series solution.
For example, it requires almost 43 minutes to give the force acting on a 10-micron
sphere, using the same machine mentioned above. In the calculation of the force, the
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six terms were included in the series of the first-order potentials, the cut-off radius
was rc = 20a and the scalar source term mv was neglected. For a single sphere, the
Multipole-Stokeslet method gives the results with an error of less than 1% , compared
with Doinikov’s series solution [21]. The advantage of using the Stokeslet method
instead of the semi-infinite integrals is to get the particular solution of the second-order
velocity for any number of spheres. Therefore, for the case of multiple spheres, the
proposed numerical scheme can be used to get the radiation force, including the
streaming effects and the interactions between the spheres.
In the literature, the viscous effect and streaming flow have been taken into account
for a pair of bubbles located far apart from each other, using Doinikov’s analytical
approach. It was reported that the interparticle force are equal but acting in the
same direction. Their results have violated Newton’s third law and the fact that the
interparticle force becomes negligible for large inter-particle distances. To modify
Doinikov’s methodology, we have used the Stokeslet method and removed the restriction
of large interparticle distances. The improved methodology proposed in chapter 7 have
been used to numerically analyze the interaction between a pair of spheres in a viscous
fluid. The proposed numerical scheme can be applied to all the cases except the case




In this thesis, the Multipole-Stokeslet method is proposed to simulate the acoustic
radiation force acting on spheres in a sound field. The proposed numerical method was
developed step by step to include the acoustical interaction between multiple spheres
and the effects of viscosity and acoustic streaming on the acoustic radiation force. In
Multipole-Stokeslet method, the acoustic pressure and velocity are solved using the
multipole series expansion. The first-order boundary conditions are imposed using
the weighted residue technique. For the case of ideal fluid, the radiation forces can
be obtained from the acoustic variables whereas, for a viscous fluid, the solution of
the acoustic streaming is required. A combination of Stokeslet method and multipole
series expansion was used to obtain streaming variables which give the second-order
tractions and consequently the radiation force.
The application of the Multipole-Stokeslet method is limited to the spherical
particles. For the case of ideal fluid, the method was used to solve for three dimensional
configuration of spheres in this study. For viscous fluid, the method was formulated
for spheres in axisymmetric configuration due to the time limitation. However, it is
extensible to the general three dimensional configuration of spheres in a viscous fluid
by accounting for all the components of the vector potentials which are required for
both acoustic wave and streaming solutions.
The calculation of pressure and velocity in the fluid domain is accurate up to the
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second order. In fact, second-order accuracy was achieved by using the perturbation
technique which enables us to transform nonlinear governing equations to a series of
linear equations [21,98]. To obtain acoustic radiation force and streaming, the acoustic
wave equation which is a linear equation was solved first to calculate the source term
of the acoustic streaming equations which is again a set of linear equation. Since the
acoustic and streaming variables are not of the same order of magnitude, the solution
of the two sets of linear equations gives a second-order approximation of the nonlinear
solution. Moreover, the acoustic variables are time-harmonic whereas the streaming
variables are all time-averaged over the wave period which is of the order of 10−4 to
10−6 seconds. It implies that the streaming variables provide a good approximation of
the transient motion of particles which occurs in the time scale of a few seconds [68].
It is noted that the assumptions discussed above were made to derive the governing
equations of the acoustic radiation and interparticle forces.
After numerically investigating the case of a single sphere in an ideal fluid, it was
confirmed that, for sphere sizes in the Rayleigh limit (ka << 1), including monopole
and dipole terms in the multipole series calculation gives accurate estimation of the
radiation force. For larger spheres, it was found that higher order terms such as
quadrupole are required. The results obtained from the proposed numerical scheme
have been compared against the analytical series solution and formula by King [16].
For multiple spheres in an ideal fluid, the total radiation force was split into the
primary and secondary radiation forces. It was concluded that the secondary radiation
force determines how spheres moves with respect to each other and form a cluster
at the pressure node. In addition, it was found that, depending on the size of the
spheres, there are locations where the total radiation force is zero as the primary and
secondary forces balances each other. By investigating the case of three spheres, it
was shown that when two spheres are closer to each other their interaction is stronger.
The third study was about a single sphere in a viscous fluid. The effect of the
viscosity on the acoustic variables were included by using the vector potentials. In
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addition, the acoustic streaming was calculated by the Stokeslet and multipole method.
The proposed numerical method was compared against the existing analytical solutions
and found to be accurate. Compared to the inviscid case, the radiation force increases
by at most 30% which can be proven from Doinikov’s results [20, 21]. It was also
observed that the number of terms included in the series calculation to achieve a good
accuracy depends on the size of the sphere.
The case of multiple rigid spheres in a viscous fluid has been studied for the first time
using the Multipole-Sotkeslet method. It was concluded that the acoustic streaming
has a greater influence on the acoustical interaction between the rigid spheres compared
to the contribution from the primary radiation force. In axisymmetric configuration,
the acoustical interaction is always repulsion. In addition, the repulsion is very strong
when the spheres are very close to each other, regardless of their sizes.
9.2 Recommendations for future work
Since the main focus in this thesis was to develop numerical algorithms for calculating
the radiation force, the future works can be split into the development of those
algorithms and their applications in simulating acoustophoresis.
The proposed numerical schemes for calculating the radiation force were developed
under major assumptions such as:
• No change in the temperature
• No effect from the channel wall
• No movement of the spheres(quasi static condition)
• Rigid spheres
To include the temperature variation, the heat equation needs to be solved along with
the wave equations [53, 105]. It is noted that the fluid properties such as the speed
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of sound and the viscosity coefficient vary with the temperature. More modification
would be required if the change in viscosity coefficient due to the temperature is
considered.
Theoretically, the acoustic radiation force is calculated for particles in an infinite
fluid domain. However, the fluid domain is confined by the channel walls in real
applications. The channel walls affect the acoustic variables since they re-scatter the
scattered waves from the particles [71]. In addition, they introduce additional acoustic
streaming which exert larger drag forces on the particles. Incorporating the effects of
the channel wall helps us to better understand the behavior of the particles near them.
Due to the quasi static assumption, the balance between the drag and acoustic
radiation forces enables us to track particles using one-step explicit euler scheme [68].
By including the acceleration of the spheres, the particle kinematics can be studied
using more accurate time-marching schemes. The accuracy in the particle tracking
is necessary for more accurate measurement of bulk modulus of the particle, such as
cells.
To include the effect of the particle material properties, the proposed numerical
algorithm can be further developed to solve the soft-sound or acoustic impedance
boundary conditions as well as the acoustic field inside the particle especially when
the core is another fluid. For the case of bubbles, the role of the surface tension
can be investigated easily and the effect of the shape oscillation will be added to
the radiation force calculation. More details on calculating the effect of the particle
material properties on the radiation force can be found in references [17,20,22].
In some applications such as cell culture, the shape of the cell aggregate determines
the amount of nutrition received by each individual cell [106]. By using the proposed
numerical scheme, the cell trapping and shape of the cell aggregate can be simulated.
However, high computational power is required for large number of cells or particles
especially for the case of viscous fluid.
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